SINGULAR SRB MEASURES FOR A NON 1-1 MAP OF THE
UNIT SQUARE
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ABSTRACT. We consider a map of the unit square which is not 1-1, such as
the memory map studied in [8] Memory maps are defined as follows: zp11 =
Mo (zn—1,2n) =7(a - Tn + (1 — &) -xn_1), where 7 is a one-dimensional map
on I =[0,1] and 0 < a < 1 determines how much memory is being used. In
this paper we let 7 to be the symmetric tent map. To study the dynamics of
M, we consider the two-dimensional map

Ga : [Zn—1,2n] — [z, T(a-2n + (1 —a) - 2n—1)].

The map G for a € (0,3/4] was studied in [8]. In this paper we prove that for
a € (3/4,1) the map G admits a singular Sinai-Ruelle-Bowen measure. We
do this by applying Rychlik’s results for the Lozi map. However, unlike the
Lozi map, the maps G are not invertible which creates complications that we
are able to overcome.
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1. INTRODUCTION
Let 7 be a piecewise, expanding map on I = [0, 1]. We consider a process
Tnt1 = Mo(zn) =7(0- 2+ (1 —a) - 2p—1), 0<a <1,

which we call a map with memory since the next state x,11 depends not only on
current state x, but also on the past x,,_;. Note that M, is a map from [0, 1] to
[0, 1] and hence is not a dynamical system.

A natural method to study the long term behaviour of the process M,, is to
study the invariant measures of the two dimensional transformation

Go : [Tn—1,%n] = [Tn, Mo(xn)] = [tn, T(a T+ (1 — @) - 2p_1)] -

In [8] we studied G, with the tent map 7(x) = 1 — 2|z — 1/2|, « € I, for
a € (0,3/4]. For 0 < o < 0.46, we proved that G, admits an absolutely continuous
invariant measure (acim). We conjecture that acim exists also for « € [0.46,1/2).
As « approaches 1/2 from below, that is, as we approach a balance between the
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memory state and the present state, the support of the acims become thinner until
at a = 1/2, all points have period 3 or eventually possess period 3. We proved that
for « = 1/2 all points (except two fixed points) are eventually periodic with period
3. For o = 3/4 we proved that all points of the line z + y = 4/3 (except the fixed
point) are of period 2 and all other points (except (0,0)) are attracted to this line.
For 1/2 < a < 3/4, we prove the existence of a global attractor: for all starting
points in the square [0, 1] except (0,0), the orbits are attracted to the fixed point
(2/3,2/3).

In this paper, we continue the study of transformation G, for @ € (3/4,1) and
prove the existence of a singular Sinai-Ruelle-Bowen measure p,. The invariant
measure is singular with respect to Lebesgue measure since for o € (3/4,1) the
determinants of the derivative matrices of G, are less than one, hence the support
of the invariant measure is of Lebesgue measure 0. The invariant measure has two
main properties: for Lebesgue almost every point z € [0,1]? and any continuous
function ¢ : [0,1]? — R,

lim = > 9(Gha) = paly),

and the conditional measures induced by . on segments with expanding directions
are one-dimensional absolutely continuous measures.

Our method follows closely the techniques in Rychlik [10] for the Lozi map. The
most important difference between the Lozi map and the G, ’s is the fact that our
maps are not invertible. For maps that are invertible or locally invertible, there
are results known [1, 2, 3, 6, 7, 11, 13, 14, 15, 16]. However, to the best of our
knowledge the existence of a singular SRB measure has, until now, not been proven
for any non-invertible map.

2. ABSTRACT REDUCTION THEOREM

Similarly as Rychlik in [10], we will start with abstract considerations. Sections
2 and 3 are taken from [10] almost without any changes. We present them here for
completeness, to introduce the notation and the results we need in the following
sections.

Let (X,3,m) be a Lebesgue measure with a o-algebra ¥ and a probability
measure m. Let T': X — X be a measurable, nonsingular mapping, i.e., Tym < m.
We define the Frobenius-Perron operator induced by T as

Prf= W (Radon — Nikodym derivative),
for f € LY(X, %, m) and we have Prf € L'(X, ¥, m). Equivalently, we can define
Prf as the unique element of L*(X, ¥, m) satisfying

/X(hoT)~fdm:/Xh~Pdem,

for all h € L*°(X,X,m). This means that operator Pr is the conjugate of the
Koopman operator Kph = hoT acting on L™ (X, X, m).

A measurable, countable partition § of X is called regular iff for every A € 3,
T(A) is ¥-measurable and T}4 maps (A, ¥4) onto (T'(A), X|7(4)) isomorphically.
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For any regular partition 3 we define g7 : X — R™T as follows:

dm
We can write g7 = ZAeﬁ K7r(Prxa) - xa. The function gr is determined up to a
set of measure 0 and does not depend on the choice of partition 5. For piecewise
differentiable map 7T the function gz is the reciprocal of the Jacobian. Using gr we
can express Pr as follows

(2:2) Prf(z)= Y gr(y)-fly), v € X.

yeT~ ()

(Tx) , forz e A e p.

Equality (2.2) holds m almost everywhere.

y —% vy

x Lo x
Now, we consider the case when T is a factor of another mapping S : Y — Y,
where (Y, Xy, v) is a Lebesgue space. We assume that S is nonsingular. By £ we
denote the measurable partition of ¥ which is S-invariant, i.e., S71¢ < & Let
X =Y/¢ and let T = S¢ be the factor map. We assume that m = m,.(v) or
m = v om. We denote the natural projection by 7 : Y — X. Let C(z) denote the

element 7—1(z) € £&. We have S(C(x)) C C(Tx). We will find the relation between
PT and Ps.

LYY, 2y, v) s, LYY, Sy, v)
lEuua) lEuua)

LYX,S,m) —Z— LY(X,3,m)

Proposition 1. (Rychlik [10], Proposition 1) Let E,(-|€) : LYY, Yy, v) — LY(X, 3, m)
be the operator of conditional expectation with respect to the o-algebra generated by
the partition &, see [4]. For any f € L*(Y, Sy, v) we have

Pr(E,(f1§)) = Ev(Ps f1S)-
Proof. Let h € L>(X, %, m). Then:

[ hePr(E19)n = [ (hoT)E, (19)dm

X X

— [eTom @Al oy = [ (homos)fav
Y Y

— [[hom)-Pafdy = [ (hom)(B(Psle) 0 iy
Y Y

- / h- By(PsfI€)dm.
X

We used two properties of the conditional expectation:
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( ) If g € L>®(Y, Xy, v) is &-measurable, then E,(gf|€) = gE.(f|€)-
b) [y EL(fl§)dv = [, fdv. U

We assume that S has a regular partition P with the property
(2.4) S~levp=¢.
We will consider £ = P~ = \/2020 S~kP so this property will holds automatically.

Lemma 1. (Rychlik [10], Lemma 1) The family 8 = {m(A)}acp is a T-regular
partition of X.

Proof. By assumption (2.4) P < ¢ and thus 7~ !(7rA) = A for every A € P. Hence,
3 is a partition. Also, 7= }(T(wA)) = S(A). Then, T(mA) is measurable, by the
definition of the factor space and regularity of P. Then, Tjr(a) : 7(A) — T(m(A))
is the factor S|4 : A — S(A). Moreover, by (2.4) Tjr(4) is 1-1 (since S|4 is almost
everywhere 1-1) and (T}(a)) " is the factor of (Sj4) ™. So, Tjr(a) is an isomorphism
of (m(A), Xr(a)) and (T'(7(A), Ej7(r(a))- O

Let {vc}cee be the family of conditional measures of v with respect to . In the
following proposition we relate gg, gr and {vc}coee.

Proposition 2. (Rychlik [10], Proposition 2) For almost every v € X and vo(y)-

almost every y € C(z), we have

d((Sj4)5 'vo(ra))
dVC(m)

where A is the element of’P which contains C(z). Note, that C(z) = S~(C(Tz))N
A. In particular, (S|A) Vo (T 18 equivalent to vy for almost every v € X.

(2.5) gr(7) = gs(y)

(¥),

Proof. Let h € L>*(Y, Xy, v). Then,

(2.6)  Eu(Pshl§)(z / > (h-gs)o (Sja) dvo) :/hdam,
c

() Acp
where
oe= Y, 95 (S vow):
z€T—1(x)

The first inequality in (2.6) follows by the definition of Psh and the fact that
E,(Pgh|€) is almost surely constant on elements of £. The second, by the definition
of gg. Also, we have

en  ERmOw- ¥

hdve () gr(2) = /hdagym,
2eT-1(z)” C(?)

where
02,0 = Z gT(Z) Vo(z)-
z€T—1(x)

In view of Proposition 1 since & is arbitrary the measures o1 , and o3 , are equal for
almost every x. Since the measures v () have disjoint supports and since functions
gr and gg are positive almost everywhere the equality (2.5) is proved. O
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We will consider situation when the elements of £ are endowed with some natural
measure. Let {{c}cee be a family of such measures such that for any C € £ the
measure {¢ is equivalent to vc and the Radon-Nikodym derivative

_ dve
P = %,
defined on Y is ¥y -measurable. Then, for almost every o € X, (S|c()); Yo (1) 1s
also equivalent to £¢(,). Also, the function

_ dSie@)i o)
Alo(x)

Ay) (y) , ye C(z),

is Yy-measurable.

Let us now consider the situation when S : [0, 1]2 — [0, 1] preserves two families
of cones, the cone of stable directions and the cone of unstable directions. Let
& = P~ be the S-invariant partition which consists of pieces of lines with stable
directions. On each element C' € £ we have Lebesgue measure ¢c. If v is the
Lebesgue measure on [0, 1]%, then we proved in Proposition 7 that for almost all C,
the conditional measure v¢ is equivalent to f¢.

By Proposition 2 we have

oS

gTow:ggp A

For y,y" belonging to the same C' it gives

ply) _ 9s(y) p(Sy) AMy)
p(y)  gs¥) p(SY) Ay')’

and by induction

pW) (77 9s(S"y) A(S*y) \ p(S"y)
29 )~ (T_[ 4s(5%) A(Skw) o(S7y)

p
Formula (2.8) proves the following:

Proposition 3. (Rychlik’s Proposition 3) For almost every x € X and for vo(q)-
almost every y,y’ € C(x), the following conditions are equivalent:

(a) )

. p(S"y)
lim =
n—oc p(5"y')

3

(b)

ply) _ ﬁ 9s(S*y) A(S*y)

py) o 9s(SFY) A(SFY)

Remark 1. If (a) holds almost everywhere, then (b) and the condition [ pdlc =1
determine p completely.

3. EXISTENCE OF ABSOLUTELY CONTINUOUS INVARIANT MEASURES.

As before, let T' be a nonsingular map of a Lebesgue space (X, X, m). Let 5 be
a regular partition of X such that 3= = /7, T—*(p) is a partition into points,
i.e., 0 is a generator for T. We will give conditions which prove that T" admits
an invariant measure absolutely continuous with respect to m. We introduce the
following notations: g = gr, gn = grn, P = Pp, for any A € ¥, f(A) = {B € 3 :
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m(BNA) > 0}. By supremum and infimum we understand the essential supremum
or minimum.
(I) Distortion condition:

Fa>0 ¥ n>1 ¥ pepn supgn < d-infgn;
B

(IT) Localization condition:

Jev0 Fo<rct V1 V Bepn m(T"B) < e = Z sup g < 7;
B'ep(T»B) B

(IITI) Bounded variation condition:

Z sup g < +00.
Bep B

Remark 2. If conditions (I) and (III) hold for T, 8 and g, then they also hold for
TN, BN and gn. Condition (I) holds with the same value of d. Moreover,

N
Z sup gy < Zsupg
Bepy B Bep B
Theorem 1. (Rychlik [10], Theorem 1) Let (I)-(III) be satisfied. Then, the se-
quence (P"1),>1 is bounded in L*°(X, X, m) and the averages - Z;& P*1 con-
verge in L1 (X, ¥, m) to some ¢ € L*°(X, ¥, m) such that Pp = ¢.

Proof. For the proof we refer to [10] or to [5]. O

Theorem 1 gives the existence of an absolutely continuous invariant measure. To
improve on this result we introduce the following condition:
(IV) Expanding condition:

3 re0,1) supg < 7.
X
We can assume that r is chosen to satisfy both (II) and (IV).

Theorem 2. (Rychlik [10], Theorem 2) Let (I)-(IV) be satisfied. Then, there exists
a bounded, finite dimensional projection Q : L'(X, %, m) — L>(X, X, m) such that

(1) Q(LMX,%,m)) C L®(X,%,m) and Q is bounded as an operator from
LY(X,%,m) to L (X, %, m);

(2) for every f € L*(X, X, m) the averages £ Z;é PFf converge in L' (X, %, m)
to Qf.

(3) The range R(Q) of Q consists of all eigenvectors of P corresponding to the
eigenvalue 1 and of 0 function.

(4) There exist non-negative functions ¢1,d2, ..., ds € R(Q) which span R(Q)
and ¢; N p; =0 as i # j. Moreover, fX(bidm: 1,i=1,...,s and if

C; = QOT*"{x D ¢i() > 0}

is the basin of attraction of the measure ¢;m, then Q) can be represented as

Qf—g/a_fdm~¢¢-
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Moreover, |J;_, Ci = X up to a set of measure 0 and {¢;};_, are the only functions
¢ € LY(X,X, m) such that ¢ - m is a T-invariant, ergodic, probabilistic measure.

Proof. For the proof we refer to [10]. O

4. PRELIMINARY RESULTS FOR MAPS G, WHEN « € (%, 1).
Recall the map G = G,:

G(z,y) =y, T(ay+ (1 —a)2)] , (z,y) € [0,1]%

where 7 is the tent map © — 1 —2|z —1/2|. L denotes the line ay+ (1 —a)zr = 1/2
which divides [0, 1]? into two domains on which G is 1-1. A more explicit formula
for G is

(y,2(ay + (1 — a)x) , if y is below L;

G(x,y) = P

(y,2 —2(ay+ (1 — a)x) , if y is above L.
We have two possibilities for the Jacobian matrices:
0 1

Ay =DG =
£2(1-a) $2a

0 1 ]
(1—a)7 (ay+ (1 —a)z) ar’(ay+ (1 —az) |

with + sign for (x,y) € A, the region below line L and — sign for (z,y) € Aa,
the region above line L. Similarly, when we consider the inverse branches Gfl and
G5!, we have two Jacobian matrices:

e 1
By = DG,1 _ 1—a :l:2(17a) '
1 0

We now construct invariant cones of directions in the tangent spaces as in [10].
For AL, we consider the direction vector in the form (u,1). Then,

0 1 lz;]_ 1

£2(1-a) $2«a +2u (1 — a) + 2«
= (£2u (1 — a) + 2a)

S S
Fu(l—o)f2a
1 ‘|

Let
(1) S(u) :
. u) =
* T2u(l—a)+2a’
be the corresponding transformation on directions.
For By, we counsider the direction vector in the form (1,v). Then,

% i—2(1£a) 1 _ —a * 300
1 0 v 1

— v 1
_(l—ai2(1—a)>[ﬁ%]'

2(1—a)

Let
1 21—«

T =* —2(1304) —2a+v’

(4.2) Te(v) =

be the corresponding transformation on directions.

3



8 P. GORA, A. BOYARSKY, AND Z. LI

I S [5,0)

0.5 0.54

0.5 T+(J_) =T_(J_) -0.54

sl s

FIGURE 1. Invariant cones J; and J_ and their images for o = 0.82.

Lemma 2. (Rychlik [10], Lemma 3) Let 6y = a—Va? +2a—2, Jy = {u € R’|2u (1—a)| <6},
Jo={ve R’|v| <0}. Then, Jy and J_ are Sy — and Ty —invariant, respectively.

Proof. First, note that 6y < a. We will prove the case of S;. The case for S_ is
similar. It follows from |2u (1 — &) | < 6y that

200 —0p < 2+ 2u (1 — a) < 20+ by.
Thus,
2(1 — )
20[—90

where the last inequality follows from the definition of 6.
Now we prove the case of Ty. The case of T_ is similar. It follows from |v| < 6

(4.3) 21— a)S, (w)] < < 6o,

that
—Ba+vVa2+2a0-2< 2a0+v< —a—Va?2+2a-—2.
Thus,
21—a)| 201-a)
T () = | 2=
200 + v ’—2a—|—v’
(4.4) o(1
< (1-a) — 6,
oa+vVa?+ 20— 2

O

Remark 3. We also have Sy (J4) C {u eER|2u(l—a)|> 2221;5;)} ={ueR|ul>6},
Ty (J-) C {v € R’|v| >2(1- a)@l}, where 0, = mlTeo'

Lemma 3. (Rychlik [10], Lemma 4) Let k = Z:\/i szig‘;‘:;, which is less than 1
(actually it is less than 0.5 and decreasing with respect to o). Then, sup,, IS (u)| =

sup, |TL(v)| = r.
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Proof. Tt follows from (4.3) that

S0l =201 - st < 20— ) (72 ) =

And, it follows from (4.4) that

T ) = =

) <

O

Using Lemma 2 and Lemma 3, we see that for any sequence (eg,e1,...) €
{+,—}°°, we have |(T;, _, oT.,_,0---0T., oT.)(J_)| <k"|J_]| so the set

o0

m (T5n71 © T5n72 ©---0 T51 © TED)(J7>a

n=1
consists of exactly one point which can be expressed as a continued fraction:
2(1 - «)

€02(1—a)
—2a + 1 2(1—a)
—2a+ 22(1—a)
—2a+ 225

Similarly, for any sequence (10,71,...) € {4+, —}°°, we have |(S,,_, ©S,, ,0---©
Sy 0 8no )(J=)| < k™| J-| so the set

o0

m (Snn—l 08y, 005y 0 Sﬁo)(‘]*)a

n=1
consists of exactly one point which can be expressed as a continued fraction:

7o

20+ 2(1 — o) gty

They are both convergent since x < 1.
Now, using the above construction we define invariant directions for G. For

o0

points p € U* = [0,1]*\ U G™™(L), setting &, = + or &; = —, depending on
n=0

whether G*(p) is below or above the line L, we obtain the invariant stable direction

v(p) € J-,

2(1 — )

€02(1—a)

(—a)
2o —1=—x)
—2a 2202

v(p) =

B —2a—|—7

To construct an invariant unstable direction for a point p we have to use G-
preimages of p. Since G is not invertible the “invariant” direction will depend
on the chosen admissible past of the point p. Some points have only one admis-
sible past, for example, for the fixed point (2/3,2/3) the only admissible past is
(-..,2,2,...,2,2) and it has the unique well defined unstable direction. Other
points have finite number or infinitely many admissible pasts. The richest case
happens when the directions in the set of “invariant” directions form a Cantor
set, namely the attractor of the Iterated Function System {Sy,S_}. For a point

peU*=10,1]2\ U G™(L) with specified past (..., kn_1,...,k1, ko) € {1,2}>° we
n=0
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0.81

(2/3,2/3)
0.6 2

G(Ay)
04- L

G(A)

A

0.2 1

0 T T T T
0 0.2 0.4 0.6 0.8 1

FI1GURE 2. Partition line L, regions A;, Ay and their images, fixed
point (2/3,2/3) for o = 0.82.

choose n; = 4+ when k; = 1 or ; = — when k; = 2, and obtain the invariant stable
direction u(p) € J4,

u(p) = - '
20+ 2(1 — @) gy

We now compute A\*(p) and A\*(p), which represent the rates of change on the
length along directions of E° and E“, respectively. For directions in E* the rate is
independent of the chosen past of the point.

Lemma 4. (Rychlik [10], Lemma 5)

where,
1 1
hl - ’ h2 -
®= ot Y= e



SINGULAR SRB MEASURES FOR A NON 1-1 MAP OF THE UNIT SQUARE 11

Proof.
DG() 1 ] B 0 1 [ 1 ]
b olp) | | £22(1—a) +2a v(p)
B v(p) — o(p) 1
Tl e —a) 20 | Y +2022) 4 20
1 1
R ] IR RE)
Thus,
s [v) A, o( G _ hi(p)
Y= PG
Similarly,
" —a 41 "
ol ][ 7]
i
— u(p) l Sy (lu(p)) ] —up) | " G1 (p)) ] |
and thus,
ha(p)

)
O

We need the conditions that both 6y and ﬁ are less than 1, which hold since
ae (3,1).

Now we present a proposition analogous to Proposition 5 in Rychlik [10].
Proposition 4. Let \| = ﬁ, A_ = 0y. Then both Ay, \_ € (0,1). And there
exists a constant C' > 0 such that |\;,(p)] < CA* if p € U®, |Ai(p)| < CX} if
peU".

Proof. Using Lemma 2 and the invariant sets J. and J_, it follows that h; and
ho are bounded, i.e. there exists numbers ¢; and ¢y such that 0 < ¢; < h; < ¢o,
i =1,2. Thus, by Lemma 4

X (p) = A(G"TH(p) - MG 2 () - N (G ()M (p)

— oG ) G (G )]
hi(G(p)) .
(C2()

=[0G )| - (G2 (P))] - [o(p)]

C2
< =20y,
C1

(G (p))]



12 P. GORA, A. BOYARSKY, AND Z. LI

Similarly, we have

O

Let P = PM be the partition of the square [0,1]? into the regions of defi-
nition of the map G, ie., A1 = {(z,y) : ay+ (1 — @)z < 1/2} and Ay =
{(z,y) : ay+ (1 — a)r > 1/2}. These regions intersect, but the intersection
is a negligible set both in a measure-theoretic and topological sense. We define
P =P\ G Y P)VG2P)V -\ G (P). P™ is the defining partition for
the map G".

Let L denote the partition line

L={p=(2.y): ay+(1—a)z=1/2}.

Lemma 5. (Rychlik [10], Lemma 8) For every N > 1 there is an open cover Uy of
the unit square such that every element of Uy intersects no more than 2N elements

of PN,
The proof is exactly the same as in [10].

Proposition 5. (Rychlik [10], Proposition 7) There exist constants F' > 0 and
0 < r <1 such that for any segment I with the direction from the unstable cone Jy
we have

(4.5) Io(l) = Z |GLLZ|J)| S F™ + 1)),
JeP|I

where | - | denotes the length of the segment.

Proof. The proof follows closely the proof from [10]. We choose N in such a way
that

ro =2NC(\ )N < 1,

where C' and A4 are from Proposition 4. Let ¢ be the Lebesgue constant of the
cover Uy from Lemma 5. Let us define

||
(4.6) =y TN n=12,...

JeP(nN) |1

We will show that
1
(47) Tn+1 S T0Yn + 5R0|I|a

where
/]

R = = —_—
L P R Al

JePM|T

and I is any segment with the direction from the unstable cone J, .
Let J € PM|I. Either |J| < gy or |J| > g. In the first case P((*+DN)|J
consists of not more that 2N elements (Lemmab) as the partition P((*+1DN) g
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obtained from P™N) in N steps. Thus,

Z L < 2N max L
Jep(om| s |G DN ()| = 77 |GOADN (7))

=2N max (
(4.8) d

=2N

I e
U e
|GnN(J)| J’ |G(n+1)N(J/)|
7] R ]
<2IN——— C(A\ =rg— .
< NGy OO = R

We have used the fact that J' C J and G™ is a linear transformation on J, so the
expansion rate is uniform on J.
In the second case we have

LA R <]
e, 2 (@ eevn)

JIePnt N | ] JIePnt N | ]

/] |G ()]
(4.9) = L
|G N ()| J/eP(;l)NHJ |G+N ()|
/] 1
< ——~Ro < Ro—|J].
= fony o = fog,
We used again the linearity of G™V on .J. Moreover
|G ()] K]
— < ——— <R
2 e <, ] <

JIeP(nt )N | T KeP(N)|GnN ()

since intervals G™V(J) are elements of P™) |G™N(.J) and G™V(J) has the direction
from J;. Also |G™N(J)| > |J| > eo.
Summing up (4.8) and (4.9) over all J € P(™N)|I, we obtain

7 ] |
«Zﬂml GUIN ()] = (ZN), rojgan () oz
(4.10)  JePCoMr JEPUN |1
1
=T0Yn + R0_|I|a
€o

and (4.7) is proved. To obtain inequality (4.5) from (4.7) we proceed as follows.
Since 71 < Ry by definition, the inequality (4.7) implies

Ry
4.11 n <roRy+ ———m|I|, n=1,2,...,
( ) i 040 50(1—T0)| |
or, using capital gamma notation
Rq
Tonv() <rfRo+ ———|I], n=1,2,....
N() 04t0 50(1—T0)| |
Let us define
_ |]] .
R; =supI';(I) =su . , +=1,2,... N,
1p () =sup > G|

I .
JEPWI|T
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where sup is taken over all segments with the direction in the expanding cone .J +.
Of course Ry = Rp. Let R = max{Ri, Ro,...,Ry}. Let us consider arbitrary
n > 1 and represent it asn=k- N + ¢, 0 < ¢ < N. Similarly as above,using in all
considerations as the initial partition P(e)|I instead of P(N) |I, we can prove that
Ry
go(1 — 7o)
To make these estimates independent of ¢ we can write
R
go(1 —o)
Now, let 7 = (r0)}/" and F = max{ £+, Tﬁiro)} We obtain inequality (4.5). O

T, (I) < kR, + 1]

T, (I) <rfR+ 1],

We define P~ = \/,", G~"(P). Elements of P~ are either segments with di-
rection from the stable cone or points. Let {(p) € P~ denote an element of P~
containing point p.

Lemma 6. (corresponds to Lemma 9 of [10]) Let
(4.12) D*(8) = {p € [0,1)% : dist(G"p, L) > A% (p),for n = 0,1,2,...}.

For every p € D?(0) the distance from p to the endpoints of £(p) is not smaller than
d. In particular, |£(p)| > 24.

Proof. Assume that the distance from p to one of the endpoints of £(p) called ¢ is
dist(p, ¢) < §. Since endpoints of elements ¢ belong to preimages G~"(L), there is
an integer k > 0 such that ¢ € G=*(L). Then,

dist(G*p, L) < dist(G"p, G*q) < X (p)dist(p, @) < 5A(p),
which contradicts p € D*(9). O

Lemma 7. (corresponds to Lemma 10 of [10]) Let (A,) = (An)5e, be a sequence
of positive numbers such that Z ="~ A, < +oo. Let

(4.13) D*(8,(M\n)) = {p € [0,1]% : dist(G"p, L) > dA,,for n =0,1,2,...}.
Let I be a segment with direction from unstable cone. Then, there is a constant Ay
such that |I'\ D*(8,(A\p))| < A1 - Z - 0.
Proof. We follow closely Rychlik [10]. Let
C(t) = {q: dist(q, L) < t},

where t > 0. Let p € I'\ D*(4, (An)). There exists n > 0 such that dist(G"p, L) <
6An. Let J € P™|I be the subinterval containing point p. Then, G"p belongs to
the interval G™J such that

IG™T N C(M)} < Ap - 6)n,

for some constant Ay independent of § and n, as G™J has a direction from the
expanding cone and thus, the angle between G™J and line L is bounded away from
0. Thus, p € JNG ™ (C(dAy)) and

T OG(C0M))] < AL

< St ]

By Proposition 5, this gives
IING™(C(0M\))| < Ao - 6An - F(r™ 4 |I|) < AgF (1 + diam([0, 1]%))6\,..
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/\ /\
G(P)

i/

[

0 1

F1GURE 3. Two images of a neighbourhood of the partition line
L. Both G(P) and G?(P) are unions of two parallelograms.

Summing up over all n, we obtain
11\ D*(8,(\n))] < AgF (14 V2)5Z.
The Lemma is proved with A; = AgF (1 + v/2). O

Corollary 1. For any interval I with the direction from the expanding cone we
have

[T\ D*(6)] < Az -6,
where Ay = Ay > 07 (O _ = A1C/(1—A_).

Proof. Let A, = CA”,n=0,1,2,... Since A\], < CA” we have D*(0) D D*(6, (A\n))-
This proves the claim. (I

Let v denote the normalized Lebesgue measure on [0, 1]2.
Corollary 2. The set D® = Usso D?(8) is of full v-measure in [0,1]*. Moreover
v([0,1]2\ D*(9)) < Az - 4.
Proof. Follows by Corollary 1 and Fubini’s Theorem. O

Let us consider the function 1/D(p) where D(p) = |{(p)|. We will prove that it
is integrable.
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Proposition 6. (corresponds to Proposition 8 of [10]) There is a constant Az > 0
such that for an arbitrary § > 0,
v({p € [0,1)%: D(p) < 0}) < A38°.
Proof. If p € {p € [0,1]* : D(p) < 4}, then dist(G™p, L) < 5\ (p) at least for two
ny < ng since both ends of £(p) have to be trimmed (Lemma 6). This means that
p is less that § close to preimage G~™(L) and dist(G™p, L) < §A;,, (p) = n. Then,
G Ppella,y ={(z,y): 1 - A<z <1,0<y <1},
for some constant A4 > 0 independent of § and n;. See Figure 3. Also, GM+2p ¢
[0,1]2\ D*(n) since dist(G™2p, L) < 6%, (p) < n, and G™Hp is far from the line
L. Let n =n; +2. We have G"p € II4,, \ D*(n). Since the vertical direction is in
the expanding cone, by Corollary 1 and Fubini’s Theorem, we have
v(lam \ D*(n) < Az Ay -1,
Thus,

v({p € 0,112 D(p) < 61) < 3G (Ma,\D () < 3 Ao+ Agn?(2-Jac™ ()",
n=0 n=0

where Jac(a) = 2(1—«) is the Jacobian of both Gy and G3. We need the multiplier

2 because G is a 2 to 1 map.(This is different from the Lozi map studied in [10].)

By Lemma 4 and Proposition 4 we have

A (p) < CN,
A =a—+Va2+2a-—2.

V({pe[0,1]2:D(p)<5})§A2.A4.02.52.Z (2(Q_W)2> '

n=0

where

We have

It can be easily proved that for 3/4 < a < 1 we have (a=voi+2a=2)7 W < 1. Thus,

the series converges to some constant A(«), and setting A3 = A - Ay - C? - A(«)
completes the proof of the proposition. O

0 1 0 1

FIGURE 4. Partitions P® and P© for a = 0.82.
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Corollary 3. (corresponds to Corollary 3 of [10]) The function p — 1/DP(p) is
integrable on [0,1]? for any 3 € [1,2).

Proof. We will use the following identity for positive random variables
(4.14) E(X) :/ P(X >t)dt
0

which can be found, e.g., in [4], page 275. We have

Jamya = [“vqp > par <1+ [ > apa

(4.15) . 0 o

< 1+/ v({D <~y VPV )dy < 1+/ Ay 2By < 400
1 1

O

In the following proposition we will discuss the family of conditional measures
{vc}cep- of measure v on elements of the partition P~ . The theory of conditional
measures can be reviewed by referring to [12] or [9]. Let {¢c}cep- be the family
of one-dimensional Lebesgue measures on the elements of P~.

Proposition 7. (corresponds to Proposition 9 of [10]) For almost every C € P,
measure vo is absolutely continuous with respect to {c and the Radon-Nikodym

derivative Z—ZCQ is constant on C, equal to 1/|C].

A, i ; o
m
' b‘ 'b n 'an 'a' b‘ B n

4
t

a, a

FIGURE 5. A polygon A, of the partition P™ and the density p,.

Proof. We follow closely [10]. Let A,, be the polygon of the partition P™ n > 1
containing C € P~. See Figure 5. Since A, is convex, the projection of the
measure ﬁm A,, onto the z-axis is a measure absolutely continuous with respect
to Lebesgue measure with density p, which is positive on some interval (a,, b,)
and zero outside of this interval. Since p,(t) is proportional to the length of the
intersection of the vertical line x = ¢ with the polygon A,, the density p,, is concave
on (an,b,). We have (apy1,bn+1) C (an,b,) and a, — a, b, — b where a and b
are the end points of the projection of C' onto the z-axis. Since py,(an) = pp(bn) =
0, f:: pn = 1, and p, are concave the family {p,},>1 is uniformly bounded by
2/(b— a). Since they are concave their variations are also uniformly bounded by
4/(b — a). By Helly’s theorem ([4]), there exists a subsequence p,, convergent to
some density p almost everywhere. p is concave as a limit of concave functions.

Projecting p onto C' we obtain fu% which is also concave. We will denote it again
by p.
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P

Gy |V G

G"C
Ch=E(G"x)

FIGURE 6. Using the concavity of pj¢(gra).

To use Proposition 3 we will prove that for almost every x € [0,1]? and almost
every ¥,y € C(z) = C, we have

o PC"Y)
n—oo p(G"y’)
By Lemma 7 we assume that dist(G"C, L) > §\*, where § > 0 and A € (A_,1).

Now, we use the concavity of p¢(gnsz). See Figure 6. From the triangles in Figure
6 we have & = “£2 =1 + % Thus,

(4.16)

n 3 n mn,,! n
p(G"y) <Y oy .dlst(G y, G"Y') §1+CA*,
p(G™yY') — w z dist(GnC, 9(¢(G"x))) OA™
which goes to 1 as n — oo. Thus, limsup,, .. p((gng)) < 1. By symmetry, we
obtain (4.16). By Proposition 3 we have
H 96(G A(G*y)
k
i 96 (GRY) MGry')
Since the Jacobian of G is constant and G is piecewise linear and in particular
linear on every C' € £, the right hand side of the above formula is constant. O

5. APPLYING THE ABSTRACT THEOREMS TO TRANSFORMATIONS G,.

We will use the notation introduced in Section 2. Let Y = [0,1]%, S = G and v
be Lebesgue measure on [0, 1]2. The map T is the factor map induced by G on the
space X = [0,1]%/P~.

By formula (2.5) we have
d((Gla)s 've(rs)

dVC(ac)

(¥),

for almost every x and almost every gy, where A is an element of the partition P.

9r(7) = 9c(y)
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Lemma 8. We can rewrite gr as follows:

1 D
5.1 = A°
(5-1) 9T Jacg” DoT’

where A\° is defined in Lemma 4 and D(z) = |C(x)|.
Proof. We can write
d(G1a): 'versy)  d((Gla): ve(rs)) A(Gla): He(re)) dloa

dve(z) ©d(Ga)s M o) dlc () dve(z)

In view of Proposition 7 this gives the required formula for gr. O

Since gr given by formula (5.1) is very discontinuous we will replace it by consid-
ering instead of Lebesgue measure on [0, 1]? an equivalent measure v = %17, where
7 is the Lebesgue measure. Then, we define m = ém, where m is the factor of the
Lebesgue measure on X = [0,1]%/P~.

Proposition 8. (Rychlik [10], Proposition 10) If we apply the results of Section 2
to the measure v = %17, then
1
5.2 = A%,
(5:2) T Jacg
Proof. Let A € P~. By the definition of gr (2.1), we have
_ ~ _ d(Ti(x -m))
T =77 0] T ==
dm d( )

_ po(Ta)”" - dTi(xam)

hS

oT

S.I o=

o=

oT

s D 1
T Jace” DoT  Jaca

S

We will now verify assumptions (I)—(IV).
Lemma 9. (Rychlik [10], Lemma 12) Condition (I) is satisfied.

Proof. Let n > 1 and 1,22 € B € 6("). We can treat x1, o as elements of the
Lebesgue space X and also as points in [0, 1] or elements of P~. The points G*x

and G*z5 are on the same side of the partition line L for k = 1,2,...,n — 1. Since
Jacg is constant, we need only to find a universal constant d such that
Lo dale)
d = N (x2) —
By Lemma 4 we have \*(p) = |v(p)| hlh(lcg](”;)), 0
- hi(p)
As(p) = v(p)| - |v(Gp)|----- (G p) | ——.
(p) = lv(p)] - [v(Gp)| o )|h1(G"(p))

By Lemma 3 we have |v(Gp) — v(Gp')| < klv(p) — v(p’)|, where 0 < k < 1. Thus,
|v(GFz1) — v(GFze)| < k" 7F|J_| , for k = 1,2,...,n — 1. Thus, there exists a
constant dy such that

iy (G -
exp (—don k) < ka:) < exp (don k) .
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Then, for some constant d; (we have to include the fractions hq(z1)/h1(G"(z1))
and hi(x2)/h1(G™(z2))), we obtain

n—1 n—1
A (x
exp (—dl E an> < )\ZEx:) < exp (dl E an> .
k=0 n

k=0

~

Letting d = exp(di/(1 — k)), completes the proof. O

Lemma 10. (Rychlik [10], Lemma 13) Conditions (II) and (IV) are satisfied for
some iteration TV, N > 1.

Proof. Condition (IV) is satisfied because g, = (Jacg) " A3 < (Jacg) ™ (COy) =
C(6p/Jacg)™. For large n, g, < 1, since 0y/Jacg < 1. We used Proposition 4 and
6o = a — Va2 +2a— 2, Jacg, = 2(1 — a). For 3/4 < a < 1, we have 6y/Jacg < 1.

Now, we will prove that condition (II) is satisfied for some iterate of 7. The
proof is similar to that of Proposition 5. Let N be such that ro = 2NC(\; )N < 1
and let 9 be the Lebesgue constant of the cover Un of Lemma 5. By Proposition
4, \y =6y/Jacg so g, < C- Ay for n > 1.

Let B € B™) and A = 7= *(B). Then, TV(B) = n(GNA). GV A is a convex
polygon such that

AGN(A)) C U G*(L).
Except for L itself and the first image G(L) C {y = 1}, all subsequent images
G*(L), k > 2, consist of segments with directions from the unstable cone J. Also,
all images of the sides of [0,1]? have this property. We can assume &g is much
smaller than the distance between L and G(L). There are two possibilities:

(1) diam(GNMA) > 5. Then, GN A contains a segment I with the unstable
direction (from .J, ) of length As - g, for some As < 1. If all sides of G A belong
to UN_,Gk(L), i.e., they have directions from J, then obviously G¥ A contains a
segment I with the direction from Jy of length y. If one of the sides belongs to
L and another to G(L), then GN A also contains such segment since ¢q is small.
If only one side of GV A belongs to L or G(L), then the worst case scenario is a
triangle with two remaining sides with directions from Jy. Since the angle between
directions from J; and L or G(L) is separated from zero, GV A contains a segment
I with the direction from J of length Ajs - g, for some A5 < 1.

By Corollary 1, for arbitrary § > 0, |[I\D?*(0)| < A26. Theset A = 7~ 7(GNA) =
7~ 1TV B) has measure larger than A; (1 — A36) - A5 - €9, where Ay will be found
in the following Lemma 11. So, we put § = 245" and e = A7 ' (1 — A36) - A5 -9 =
1A, As - 0. Then, v(A) > ¢ and m(TV B) = v(A) > ¢, since m = m,v.

(2) diam(GN A) < gg. Then, TV B is contained in no more than 2N elements of
BY and

> supgy < 2N)(CAY) =10
ey (Tvp) B
Thus, condition (II) is satisfied for TV with r = rq. O

Lemma 11. (Rychlik [10], Lemma 14) Let I be a segment with the direction from
J+ and let £; be the Lebesgue measure on I. Then, the measure m.(€r) is absolutely
continuous with respect to m and

dﬂ'* (é[) 1

(54) dm :sinL(I,x)’
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for x € X, where Z(I,x) is the angle between segment I and segment C(z) € P~.
In particular, for some Ay > 0 we have

1 dm. (1)

< < Ay

(5.5)

A_4_ dm

FIGURE 7. Strip Is for the proof of Lemma 11.

Proof. Fix some small 6 > 0. Let I5 be a strip of width ¢ (§/2 on each side of I).
We note that if 2 € D*(6) N I and dist(z, 0I) > 0, then &(z) N Is is an interval of
length §/sinw(x), where w(x) = Z(I, ). See Figure 7. So
0
sinw(z) - D(z)’
Let E be a subinterval of I. If  is the Lebesgue measure on [0, 1]%, we have
1
v(r N (mE)N1s) = / ve(xzNIs)dm=4§ -
n(E) n(E) S w()

On the other hand, by Corollary 1,

v(r N (wE) N 1s) = €1(E) - § + o(9).

v (I5) =

dm.
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This proves (5.4). Since the angles between directions from J_ and J; are separated
from zero the inequality (5.5) is also proved. O

Remark 4. Condition (III) holds since (3 is finite.
Thus, we checked the assumptions of Theorems 1 and 2. Hence, we have

Theorem 3. The results of Theorems 1 and 2 apply to G, maps for 3/4 < a < 1.

6. INVARIANT MEASURES FOR MAPS (.

We proved the existence of the invariant measures of the form ¢-m for the factor
map T'. Now, we will construct a G-invariant measure p such that the projection
(@) onto X coincides with ¢ - m.

Let f:[0,1]> — R be a continuous function. We will define u(f). Let

< *in 2
f (p)_g(pf;fape[oal]a

and
f7(p)=supf, pel0,1]2
&(p)

Both, f< and f~ are Z-measurable (= is the o-algebra generated by the partition
& ="P7). We define

p(f) = lim a((f o G")%),

n—oo

where g = ¢ - m.

&(p)
Eim(P) = GH(Q(G_j(n)(P)))

G-j<n>({)' £G ' ™(p))

FIGURE 8. Definition of the function fn<|j(n).

Lemma 12. The limits lim,, o i((f 0 G™)<) and lim,_,o ii((f o G™)>) ezist and
are equal.
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Proof. This proof follows the proof of Lemma 15 in Rychlik [10], but we have to
deal with the fact that G is not invertible. This causes a need for more complicated
notation. The map G has two invertible “branches” G1 = G4, and G2 = G|4,.
Corresponding inverses are G7 ' and G5 '. Let j(n) = (i1,da,...,i,) € {1,2}"
Then, G = G, 0---0G;,0G;, and G = G;ll o G;l o---0G; . Let us also

introduce the notation (j(n),in+1) = (41,42, - - s @n, bnt1), 0T Gpi1 En{l, 2}.
We define fsu(n)(p) = (f o GM)< o G~ (p), where j(n) is such that p e
G7(™([0,1]?). Note that
[Siom@) = inf f(G™"(q) = inf f(s
108 = e o T D = e @i T
is constant on &(G~7(™(p)), see Figure 8. Thus, fn<|j(n) is Z-measurable. Also,
fn<|j(n) < fn<+1|(j(n)7in+1) since G contracts segments & € P~
We define

< __ 3 <
Fo = 10 ol -

Now, f= is 2 measurable and f < f= ;.

Similarly, we define . = (fo G")” o G~ and

> _ >
Ja = Aoy

The functions f;” are = measurable and f, > f ;.

We have f > f<foralln >1and fi~ < f5 <--- < f< < .... Similarly, f < f
forallpn > 1and f{ > f5 > --- < f7 > .... Also, if &, = G"¢ is a partition of
G"([0,1]?), then

f7(p) = fs(p)=sup f— inf f<ws, (f),
€n(p) &n(p)

where 6, = sup,, diam(§,(p)) and
ws(f) = sup  [f(x) = fy)l,

dist (z,y)<d

is the modulus of continuity of f. Thus, f; — f~ — 0 as n — oo and, consequently,
f7 N\ f and f< /7 f uniformly as n — oc.

We have
o n\ < = in n = in
~ (f o G™<(p) qeg(fp)f(G (9)) Gn(gfp))f
( . ) > min inf = (fn< OG")(p)a

in) QI (£(G=900 (G (p)))))
$0 (fo G™< > [ oG". Similarly, (f o G*)” < f” o G™. We have
[a((foG")7) = a((fo G")S) < sup|(fo G")” — (f o G")7
<supl|fy oG" — f o G"| <suplfy — fi| < ws,(f),

which goes to 0 as n — co. Thus, both limits are the same if they exist. To show
existence we write

(6.2)

[ oG < (foGM)= < (foG")” < f7 oG™,
which implies

A(freG) <a((foG™) <a((foG™)”) <a(fyoG).
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By the T-invariance of i we have
RS oG = i (f5 o T™) = 1 (£5)
and similarly i (f; o G™) = a(f7). Since both sequences {f<} and {f.} con-

verge uniformly to the same limit we have limy, o0 f(f,Y) = limy,— 00 i1(f, ), which
completes the proof. ([

Proposition 9. (Rychlik [10], Proposition 11) Let ji be an arbitrary measure on
X which is T-invariant and such that the sets of ¥ are i measurable. Then, there
exists a unique measure on'Y such that p is S-invariant and 7, (u) = fi.

Proof. Let p be constructed as in Lemma 12 and let n be some other S-invariant
measure such that m.(n) = f. For every continuous function f on Y we have

n(f=) < n(f) <n(f~). Since n(f=) = (mn)(f=) = a(f=) (and similarly for f~)
for any function f and in particular for f o S™, we get

A((fo8™)%) < n(f) < A((fo8")7),
as 1(f oS8™) =n(f). Going to the limit completes the proof. d

Corollary 4. In view of Theorem 2, we can construct G-invariant measures fi1, fa, . . .

such that () = ¢ -m, i =1,2,....s.

Theorem 4. (Rychlik [10], Theorem 4) Let p be a Borel, reqular measure on [0, 1]?
such that m.p is absolutely continuous with respect to m. Then,

n—1 s
%ZG]:,M ——= Z#(@') “Hi
k=0 =1

where C; = 7= 1(C;), C1,Ca,...,Cs as in Theorem 2, py, lia, . . ., fts are as above,
and the convergence is in x-weak topology of measures.

Proof. We refer to [10]. O
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