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In Section 3 of this paper we present some methods for checking that the comparison principle
holds for the Cauchy problem for H:

Ooug(t, x) = ﬁguo(x, Ocup(t, x)), (t,x) e (0, T] xR,

ey
uo(0, x) = h(x), x € R,

The method as stated and proved in Lemma 10 of the Appendix is incorrect. Namely, the claim
that it is enough for Hy to be uniformly continuous in x, p on compact sets was insufficient. In
addition to continuity of Hy one also needs to check one of the following conditions, either: (a)
uniformly in x, [H| is coercive in p and has an x-independent modulus of continuity in p on
bounded sets; or: (b) |[H| has compact level sets. A correct version of Lemma 10 and its proof
are as follows.

Lemma 1. Let uy be a bounded, upper semicontinuous (u.s.c.), viscosity subsolution and u, a
bounded, lower semicontinuous (l.s.c.), viscosity super solution of d:u(t, x) = Ho(x, o u(t, x))
respectively. If H(x, p) is continuous, and satisfies conditions in either (a) or in (b):
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(a) forany R < 0o
Jim_inf|Ho(x, p)| = oc, @)
i.e. [Ho(x, p)| = oo uniformly in x as |p| — oo, and for |p1|, |pal < R,

|Ho(x, p1) — Ho(x, p2)| < wi(p1 — p2) 3)

uniformly in x, where w is a non-decreasing function with wz(0+) = 0.
(b) |Ho(-, )| has compact level sets, i.e. YC > 0, 3 compact sets K¢, K¢ C R, such that

{(x, p) : [Ho(x, p)l < C} C K¢ x K. @)
and if u1(0, ) < u(0,-), thenu; <upon[0,T] x R forany T > 0.

Proof. Suppose

sup {u(t, x) —ux(t,x)} = A > 0. 5)
t<T,x
Define
—y)? r—s)Y? At
Yt x5, y) =it 0 — s, y) — S g4y = 2;) -

2¢
Fix B > 0 and let (7 4, Xc.0, Sc.as Ye.o) denote the point of maximum of ¢ in ([0, T] x R x
[0, T] x R) fore > 0,a > 0.
Using
w(t_e,ota }Ee,av ZTG,DU )EG,OI) + w(gé,(xv ye.a’ EE,DH .)_26,0() S ZI/I(ZTE,O(’ )Eé,otﬂ Ee,on yé,a)v

and the boundedness of #; and u, we get
_ _ - -2
|xe,rx - ye,a|2 S Gca and |t€,0t - se,ot| S (XC. (6)

for some C > 0. Therefore |Xc o — Ye.ol = Oase — 0, and |7c 4 — Se.o] = Oasa — 0.
By (5), there exists (7, X) such that u;(f, X) — u»(f, X) > 3A/4. Fix 8 small enough such that
2Bx% < A/4. Then

_ - - - - At
Vear Xewr Seas Yew) = YT, %, 1, %) = uy (7, ¥) — up(f, ) — 2B3> — T

A
4
and
B ()Eez,a + )—}52_()() =< “l(t_e.a’ ie,(x) - u2(§e,tx7 ys,a) - w(t_e,ou ie,aa EE,ON )_]e,ct)
< |lug|| + |u2]l — —
fluall + Nluzll 1

So for fixed B > 0, there exists an Rg > 0 such that |X¢ 4|, |ye,o| < Rg forall e > 0, ¢ > 0 and
li Rg =0. 7
Jim B Ry ™

We next show that one can assume without loss of generality that 7. 4, S o 7 O.

Claim. Given B € (0, 8%2]’ there exists an a > 0 and a sequence €, — 0 along which t. , # 0
and s¢ 4 # 0.
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Proof. Given 8 € (0, 8%2], suppose for every a > 0 there exists €(«) such that for € < €(«)
either 7., = O or 5co = 0. Let X = lime0Xeq = liMe0Yen, ta = lime ot and
S¢ = lim¢_ (5., (With convergence possibly along a subsequence). Note that either 7, = 0
or 5, = 0. By upper-semicontinuity of v, we can choose ¢ > 0 small enough such that

¥ (0, Xy, 0, Xo) > lﬁ(l‘_a, Xo» Sa, Xo) — A/8. Then,
0 > u1(0, Xo) — u2(0, Xo) = ¥ (0, X, 0, X¢)

_ A
> Yty Xas Sa»r Xa) — — by upper-semicontinuity of ¥,

8
e~ A
Zd/(ta-xvlv-x)_g
- - . ., Af A
=u(t, x) —ux(t,x) —2Bx —ﬁ—g>3A/4—A/4—A/4—A/8=A/8>0

which gives a contradiction.
Henceforth lim._,( is taken along the sequence in the above claim.

Let

L X — Jeol? s oy (E—Sel)? At

z, = €05 Ye,a — _ —

d1(t, x) = ur(Seq, Yeo) + 5 +B(x*+732,)+ e T aT

and

A ¥eo — yI° o oy (fea =58P Al
J¥) = ui(fegs Xeo) — — 5 — - - .

$2(s,y) = 1 (Feas Xe o) P B (X2, + ) o T

Then (f 4, %) is a point of maximum of u(¢, x) — ¢1(¢, x) and (5 4, Ye.o) iS @ point of
minimum of u,(s, y) — ¢»(s, ¥). Since u; and u, are sub and super solutions respectively, by the
definition of sub and super solutions we get

A t_ a S, o - - X -y o —
— 4+ w < Ho | X, Xea = Ve +2B%eq |, 8)
aT o €
and
(Ee,a - Ee,a) 7 - )Ee,ut - ye,a -
v > Ho | Yea» ——— —2BYea | - 9

For _ﬁxed_ a and B, inequalities (8) and (9) give us {‘X_""‘Eﬂ}e remains bounded for all € > 0,
since 'x“f—""‘ diverging to co would contradict conditions (2) and (4) of ‘Hy. Also recall that
[Xe.al 1Yeal < Rp. Keeping « fixed, take lim_.o (possibly along a subsequence for convergence)

of inequalities (8) and (9). Denote Ly = lim =4 [4 = lim_oXcq = lime_oYe.q.
f = lim_ ot o and § = lim,_, o5, o, then

A t—-35 —

a7 + < Ho(lg, Lp +2Blg), (10)
and

f—35 —

a ZH() (lﬁ,Lﬂ—Zﬂlﬂ). (11)

Subtracting (11) from (10), we get

A — _

a7 = Ho (lg. Lp +2Blg) — Ho (g, Lp — 2Blp) . (12)

Recall that by (7), we have limg_,oflg = 0.
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Under Condition 1, we have supg|Lg| < R by (2) and the right hand side of (12) becomes
Ho (lg, Lg +2Blg) — Ho (Is, Lg — 2Blg) < wz(4Bly). Taking B — 0 in (12), we get

A <0

which contradicts (5).
Under Condition 2: inequalities (10) and (11) with (4) iﬂply {lg} and {Lg} remain bounded
as B — 0. Taking 8 — 0 in (12), by uniform continuity of H( over compact sets, we get

A<O0

which contradicts (5).
Therefore we must have
sup{u1(t, x) — us(t, x)} < 0.

1,x

which givesus u; <u,. U

Accordingly the correct statement of Corollary 4. should also reflect this correction as follows:
in part (i) H is continuous and satisfies either (a) or (b) of Lemma 10; in (ii) the coefficients
bi(x,y),0(x,y), ki(x,y, z) are independent of x, the coefficients b(x, y), o (x, y), k(x, y, z) are
bounded, and p = 0. The Proof of (i) is immediate from Lemma 10. The Proof of (ii) follows
from that fact that the rate function J will be independent of x and p, while | [ V(y; x, p)du(y)|
will, for any u € P(R), be bounded by a version of V with constants in place of b, o, and &,
implying that the two conditions (a) of Lemma 10 will be satisfied.

All examples in this paper still satisfy the conditions of the corrected version of Lemma 10.
Aside from the change above, we would like to correct two typographical errors: in Example 4.1
the expression for l_,(q) should be

a2
a2 2bg? —am2b+ain | — + 22 /a2 1 2bg? ifg #0
L(g) = q? q*
0 ifg=0

and in Example 4.2 the expression for ﬁg PP should have an additional term (e? +e7P)/2.
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