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Abstract
Recently both shear turbulence and isotropic turbu-

lence have been investigated by means of unstable pe-
riodic orbits. These orbits are embedded in a high di-
mensional chaotic attractor that represents the turbu-
lent flow. In both cases, the periodic motion can be
shown to bear a strong similarity to the turbulent mo-
tion. Therefore we can learn about the nature of tur-
bulence by studying the periodic motion. This gives
us a number of tools that can not directly be applied
to complex, non periodic flow, such as parameter con-
tinuation, computation of the Lyapunov spectrum and
analysis of stable and unstable manifolds. In this pa-
per we review recent work on plane Couette flow and
introduce a low-order model to illustrate the structure
of phase space as revealed by the study of unstable pe-
riodic orbits. We also present new work on isotropic
turbulence and speculate about future applications and
theory for systems with many degrees of freedom.
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1 Introduction
With the development of parallel computing and ef-

ficient numerical algorithms it has become possible to
analyse systems with many degrees of freedom with the
tools of dynamical systems theory. In this paper we re-
view some recent results of this approach in one of the
most challenging open problems of science: the nature
of turbulence.
In the paradigm of dynamical systems theory, turbu-

lence is a manifestation of high dimensional chaos. It is
represented in phase space by a strange attractor which
consists of an infinite number of unstable periodic or-
bits. From this point of view, unstable periodic orbits
are natural objects to study when investigating turbu-
lence. In recent work, unstable periodic orbits were
identified in shear turbulence and isotropic turbulence
and analysed in terms of physically relevant quantities

so that a direct connection to the physical theory can be
made.
In section 2 we discuss shear turbulence, illustrating

the results obtained in simulations with O(104) de-
grees of freedom by a low-order model due to Waleffe
(1997). In section 3 we discuss the ongoing work on
isotropic turbulence and in section 4 there is room for
a theoretical discussion.

2 Shear turbulence
Shear turbulence poses theoretical and practical prob-

lems which are still very much open after more than
a century of research. One of these problems is the
sub critical transition to turbulence. In certain types
of shear flows, the laminar profile is linearly stable
for all Reynolds number. Still, in laboratory experi-
ments sustained turbulence is observed beyond a crit-
ical Reynolds number that may depend on the details
of the experiment. There is no consensus on how this
transition takes place exactly. A closely related phe-
nomenon is that of bursting. In experiments and simu-
lations the flow repeatedly becomes turbulent for some
finite time interval and then returns to a nearly lami-
nar state. Another open problem is the formation and
robustness of spatially coherent structures.
In recent years, new theory about shear turbulence has

been formulated. One important step was the identi-
fication of the so called regeneration cycle by Hamil-
ton et al (1995). The careful examination of coherent
spatial structures in plane Couette flow and their in-
teraction led to the explanation of shear turbulence in
terms of streamwise vortices, also called rolls, streaks
and streak instabilities. Another step forward was the
identification of unstable periodic orbits in well re-
solved numerical plane Couette turbulence by Kawa-
hara and Kida (2001). They found one periodic or-
bit close to the laminar state, and one representing,
in a sense, the turbulent state. The latter shows the
regeneration cycle of rolls, streaks and streak insta-
bilities. Both these orbits are of saddle type, which
opens the possibility of the existence of heteroclinic
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Figure 1. Sketch of the domain of sinusoidal shear flow. The unit

vectors have been labeledex for the streamwise andey for the wall

normal direction. The spanwise unit vector,ez , points out of the

plane. The walls aty = ±h are stationary with free-slip boundary

conditions. The solid line denotes the forcing profile.

connections between the two. Such connections could
explain the phenomenon of bursting and sub critical
transitions. In subsequent papers, the periodic orbits
were continued in the Reynolds number (Kawaharaet
al. (2005)) and used for an impressive application of
control theory (Kawahara (2005)). The picture of the
phase space structure of shear turbulence that arises
from these studies is rather appealing from both a phys-
ical and an applied mathematics point of view.

2.1 A low-order model
In order to demonstrate the results on plane Couette

flow we introduce a low-order model that essentially
captures the dynamics. This model was originally in-
troduced by Waleffe (1997) as the minimal model that
can reproduce the regeneration cycle. Instead of plane
Couette flow, in which energy is input though friction
at the moving walls, the low-order model describes si-
nusoidal shear flow with free-slip boundary conditions.
In this case, Fourier modes are the proper basis func-
tions in all three directions which greatly facilitates the
computations.
In figure 1 a sketch of the domain is given. We impose

free-slip boundary conditions at the wallsy = ±h.
In the streamwise and spanwise directions the bound-
ary conditions are periodic with a computational do-
main of Lx andLz, respectively. Letα, β andγ de-
note the fundamental wave numbers, i.e.α = 2π/Lx,
β = π/(2h) and γ = 2π/Lz. The flow is driven
in the streamwise direction by a constant forceF =
exF sinβy and the resulting laminar flow is given by
v0 = exF/(νβ2) sin βy. In the following we will nor-
malise lengths byh and velocities byvrms, the root-
mean-square velocity of the laminar profilev0. The
incompressible Navier-Stokes equation takes the form

(
∂

∂t
− 1

Re
∇2

)
v + v∇v +∇p = ex

√
2β2

Re
sin βy

(1)
whereRe = vrmsh/ν is the Reynolds number,p is
the pressure and the density has been fixed to unity.
The symmetries of this flow are translations over any

distanced in the streamwise and spanwise directions,
Tx(d) andTz(d), and the reflections
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These symmetries are also present in plane Couette
flow.
The low-order model is obtained by a projection of

equation 1 onto a finite number of Fourier modes.
The combination of basis functions can be chosen
such as to highlight certain aspects of the dynamics.
Several low-order models, which only differ in the
choice of basis functions, have been reported on (see,
e.g. Moehliset al. (2004) and references therein).
Here, we follow Waleffe (1997). Different combina-
tions of symmetries are imposed on the basis func-
tions that represent the rolls, streaks and streak insta-
bilities. All modes have the symmetriesTx(Lx/2)◦R1

and Tz(Lz/2) ◦ R2 in common. These symmetries
were also imposed on the plane Couette flow studied
by Kawahara and Kida (2001). Keeping wave num-
bers{−3,−2,−1, 0, 1, 2, 3} in the wall normal direc-
tion and{−1, 0, 1} in the other directions we get17
basis functions. One of the basis functions represents
the laminar profile, whereas the others are grouped
together as two roll modes, three streak modes and
eleven streak instability modes. Following Kawahara
and Kida (2001) we fixLx = 1.755π andLz = 1.2π,
the minimal domain on which sustained turbulence is
observed in the plane Couette case.
The laminar solution,v0, is linearly stable for all

Reynolds number. There is, however, a branch of solu-
tions which corresponds to small, periodic fluctuations
around the laminar state which is of saddle type. The
continuation of this orbit, L1, is shown in figure 2. On
the vertical axes we have plotted the energy contained
in the projection of the flow onto the laminar mode,
normalised by the total energy, both averaged along the
orbit. Along the top branch L1 has one unstable Flo-
quet multiplier. Between the fold point F (Re = 107)
and the torus bifurcation point T (Re = 256) it is sta-
ble. In this parameter range no chaotic dynamics is
observed. The relevance of this branch of solutions lies
in its proximity to the laminar state and in its unsta-
ble multipliers. If the stable and unstable manifolds of
L1 are somehow connected to the turbulent state, they
could explain the phenomena bursting and sub critical
transition.
The next step is to find a periodic solution which rep-

resents the turbulent state. We can expect infinitely
many such orbits to exist. One way to find them nu-
merically is by analysing a turbulent time series as ex-
plained in section 3. The continuation of an orbit found
this way, labeled L2, is shown in figure 3. On the ver-
tical axis we have again drawn the fraction of the en-
ergy contained in the laminar mode. For comparison,
the corresponding quantity measured in the turbulent
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Figure 2. Continuation of the near-laminar periodic orbitL1 in the

Reynolds number. On the horizontal axis the energy contained in

the laminar part of the flow,el, normalised by the total energy,e,

both averaged along the orbit. The straight line, marked eq, denotes

the asymptotically stable laminar flow. Along the top branchL1

has one unstable multiplier. Along the the lower branch it is stable

between the fold point F and the torus bifurcation point T. Left of

point T the number of unstable multipliers increases in a series of

torus bifurcations. The circle atRe = 1000 corresponds to the

orbit drawn in figure 5.
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Figure 3. Continuation of a periodic orbit resembling the turbulent

state,L2. Axes as in figure 2. The black dotted line denotes the frac-

tion of the energy contained in the laminar part of the flow measured

in the turbulent state. The rightmost fold point ofL2 is located at

Re = 781 and around this point we observe the onset of sustained

turbulence. The circle atRe = 1000 corresponds to the orbit

drawn in figure 5.

state is shown. The rightmost fold point is located at
Re = 781. For a similar truncation of equation 1, Eck-
hardt and Mersmann (1999) showed that the life time
of the turbulent state depends on the initial conditions
and on the Reynolds number in a complicated, possi-
bly fractal way. Therefore, the “onset of sustained tur-
bulence” is not a well defined notion. However, the
lowest Reynolds number for which they observe pre-
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Figure 4. The energy contained in the laminar mode,el, the roll

modeser , the streak modeses and the streak instability modesei

along periodic orbitL2, scaled to have maximal amplitude equal to

unity. At t = 0 the energy contained in the laminar mode is maxi-

mal. Energy is transferred to the roll modes, which lag in phase. As

the laminar and roll modes decay, the streaky modes grow and reach

a maximum att = 20. The streak instability modes lag in phase

and have maximal amplitude att = 30. In the regeneration phase,

energy is transferred back into the laminar profile and, temporarily,

into the streak modes.

dominantly long lived turbulence agrees well with the
smallest Reynolds number at which L2 exists.
By looking at the energy contained in the laminar, roll,

streak and streak instability modes we can get an im-
pression of the regeneration cycle as represented by L2.
In figure 4 these quantities are shown, scaled to high-
light the phase differences. Energy stored in the lami-
nar mode is first transferred to the roll modes and then
to the streak and streak instability modes. In the regen-
eration phase all modes interact, but towards the end of
the cycle the energy is transferred back to the laminar
mode and, with a phase lag, to the roll modes.
Finally we would like to know if the orbits L1 and

L2, representing near laminar and turbulent flow, are
somehow connected. We fixed the Reynolds number
to Re = 1000 and computed the stable and unstable
eigenspaces. As mentioned above, L1 has one unsta-
ble Floquet multiplier. L2 has four, which means that
a heteroclinic cycle between the two has codimension
3. In principle, it might be found in this model as we
have three parameters:Re, α andγ. A detailed study
of invariant manifolds of L1 and L2 is work in progress.
Here, we only show two solutions of equation 1 which
nearly connect L1 and L2. These solutions are obtained
by perturbing the periodic orbits in the direction of the
(most) unstable eigenvector. They are shown in figure
5. This figure gives an intuitively clear picture of the
bursting process: in the vicinity of a heteroclinic cy-
cle the phase point can wander back and forth between
the near laminar and the turbulent regime. The struc-
ture of the invariant manifolds of the periodic orbits
can be rather involved, and in fact an infinite number
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Figure 5. Phase portrait atRe = 1000, projected on the ampli-

tude of the laminar mode,a1, the largest scale roll mode,a2 and

the largest scale streak mode,a3. Periodic orbitL1 cannot be dis-

tinguished from the stable equilibrium representing laminar flow and

has been drawn with a dot. In red periodic orbitL2 as indicated

in figure 3. The green and the blue lines correspond to solutions

contained approximately in the unstable manifold ofL1 andL2, re-

spectively.

of heteroclinic and homoclinic connections might exist
at fixed parameter values.
The domain size, the imposed symmetries, the eigen-

value structure of the near laminar periodic orbit and
the way the more complicated periodic orbit represents
the turbulent state are completely analogous to work
done by Kawahara and Kida (2001); Kawahara (2005);
Kawaharaet al. (2005) on numerically well resolved
plane Couette flow. This striking resemblance gives
hope that further results obtained from the low-order
model can guide us in the study of plane Couette flow.
The most important task is the computation of connect-
ing orbits that can explain the phenomenon of bursting.

3 Isotropic turbulence
The successful analysis of plane Couette turbulence

by means of unstable periodic orbits formed the inspi-
ration to consider isotropic turbulence as the next tar-
get. A complicating factor here is the even larger num-
ber of degrees of freedom. The natural measure for
complexity of isotropic turbulence is Taylor’s micro-
scale Reynolds number, defined as

Rλ =

√
10
3

E

ν
√

Q
(2)

whereν is again the kinematic viscosity,E is the en-
ergy andQ the enstrophy. Its magnitude can be com-
pared to the square root of the Reynolds number as de-
fined in section 2. Whereas some of the fundamen-
tal processes of shear turbulence can be studied at a
Reynolds number of aroundRe = 400, corresponding

to a micro-scale Reynolds number of aboutRλ = 20,
isotropic turbulence is known to exhibit developed tur-
bulence only atRλ & 60. In order to measure a de-
veloped Kolmogorov spectrum we need to go up to
Rλ ≈ 100. For such largeRλ the ratio of the size of the
largest to that of the smallest eddies can be estimated to
be of the order102. Consequently, the number of de-
grees of freedom in a well-resolved simulation has to
be of the order106.
In order to reduce the number of degrees of freedom

we can impose symmetries on the flow. Kida (1985)
put forward what is probably the maximal reduction by
symmetry that allows for turbulent flow. The number
of degrees of freedom to be taken into account for sim-
ulation of the so calledhigh-symmetricflow is about
200 times less than for general flow. This brings the
onset of developed turbulence just within reach of the
analysis in terms of periodic orbits.
We simulated isotropic turbulence under high-

symmetry conditions with a micro-scale Reynolds
number in the range50 ≤ Rλ ≤ 67 (0.0045 ≥
ν ≥ 0.0035). Computations were done on a peri-
odic domain in the Fourier representation at the trun-
cation level|kx|, |ky|, |kz| < N/2 with N = 128. Af-
ter dealiasing the maximal wave number iskmax =
bN/3c. At this truncation level the number of indepen-
dent degrees of freedom, given the symmetries, is about
n ≈ 10.000. Energy is supplied by fixing the smallest
wave number component of vorticity in time.
An overview of the dynamics of high-symmetric flow

can be found in Kidaet al (1989). At Rλ = 50 the
dynamics is mildly turbulent, i.e. chaotic in time but
spatially simple. Developed turbulence sets in around
Rλ ≈ 60 (ν ≈ 0.004). Beyond this point the energy
dissipation rate, given by

ε = 2νQ (3)

becomes nearly constant as a function ofν. A graph of
ε versusν is shown in figure 6(blue line). The longest
intrinsic time scale is the large eddy turnover time,
which can be identified from the frequency spectra of
energy and enstrophy and takes the valueTt = 4.4.
In the high dimensional phase space we define a co-

ordinate planeS by fixing one of the small wave num-
ber components of vorticity to a constant. Periodic or-
bits can then be identified as fixed points of the iter-
ated Poincaŕe mapP onS. Given some initial point on
S we can perform Newton-Raphson iterations to find
such fixed points. In many dimensions, however, it is a
hard task to obtain good initial points, i.e. points that
are approximately periodic underP. Our approach is
as straightforward as inelegant: we run a long turbu-
lent simulation and compute the iterates of the Poincaré
map. If a point happens to mapped close to itself we
use it as an initial point for Newton-Raphson iterations.
The aim is to find periodic morion “embedded” in tur-
bulence at the maximal micro-scale Reynolds number
Rλ = 67. At that point, however, the flow is much to
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Figure 6. The time mean energy dissipation rate versus viscosity

for (p1) the period-1 orbit, (p5) the period-5 orbit and (t) turbulence.

Taylors’s micro-scale Reynolds number varies fromRλ = 50 for

ν = 0.0045 to Rλ = 67 atν = 0.0035.

turbulent to distill approximately periodic points from
a time series. Therefore, we look for periodic orbits
at Rλ = 50, in the weakly turbulent regime. The or-
bits we find are subsequently continued in the viscosity.
It turns out that the distribution of return times of the
Poincaŕe map is sharply peaked aroundTr = 2.2. The
fixed points we find for thep times iterated Poincaré
map correspond to orbits with a period close topTr. In
the following they will be referred to as period-p orbits.
For the initial Newton-Raphson iterations and for the

arclength continuation we need to compute the matrix
of derivatives of the Poincaré map. This is done by
finite differencing, which means that we need to run
n + 1 integrations. These integrations are independent
and can be distributed over any number of processors.
The results shown here were obtained from runs on 128
parallel processors, bringing the computational time for
the matrix of derivatives of one iteration of the Poincaré
map down to about 30 minutes.
Figure 6 shows the main result of our computations. It

shows the time averaged energy dissipation rate mea-
sured in the turbulent state (blue), a period-5 orbit
(green) and a period-1 orbit (red) as a function ofν.
Clearly, the period-1 orbit diverges from the turbulent
state for increasing micro-scale Reynolds number. The
period-5 orbit, however, reproduces the time mean en-
ergy dissipation rate well. In van Veenet al. (2004,
2005) it is shown that this period-5 orbit also accurately
reproduces the band averaged energy spectrum and the
largest Lyapunov exponent of the turbulent state. Thus,
we can say that the periodic orbit is embedded in tur-
bulence and studying its properties should give useful
information about the turbulence itself.
In order to get an impression of the structure of the

orbit we have drawn its projection onto the energy dis-
sipation rate and energy input rate, shown in figure 7.
The black arrows indicate the sense of movement along
the orbit. The maxima of the energy input rate precede
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Figure 7. The period-5 orbit atν = 0.0035 (Rλ = 67), pro-

jected on energy input rate and energy dissipation rate. Deviation

from time mean, normalised by standard deviation. For comparison

the PDF of the turbulent state has been drawn with contours at0.8
times the peak value and successive factors of0.5. The dots denote

time intervals ofTr/20. The black arrows denote the direction of

the periodic motion. Maxima of the EIR precede those of the EDR.

those of the dissipation rate, as can be expected from
the energy cascade process form large to small scales.
The probability density function of the turbulent state
has been drawn with contours. It is skewed towards
high energy input and dissipation rate as a consequence
of “bursting” events in which anomalous amounts of
energy are cascading to the smallest scales. The period-
5 orbit makes an excursion to high energy input and
dissipation rate corresponding to such an event.
A detailed study of the structure of the period-5 orbit,

both in phase space and in physical space, and its re-
lation to that of the turbulent state, is now in progress.
We believe that this is the first result on periodic orbits
in developed isotropic turbulence. An open challenge is
the study of the dynamics in the inertial range by means
of periodic orbits. As remarked above, however, we
need to increase the micro-scale Reynolds number to at
leastRλ = 100 in order to observe Kolmogorov’s uni-
versal scaling laws. This means going to a higher trun-
cation level and handling O(105) number of degrees
of freedom. The method employed thus far requires
the construction of the full matrix of derivatives of the
Poincaŕe map which might not be feasible even when
computing in parallel due to memory requirements and
issues of numerical precision. Recently, Sánchezet
al. (2004) developed a new continuation method which
avoids this problem. It is our hope and expectation that
this method can be applied successfully to isotropic tur-
bulence under high-symmetry conditions.

4 Conclusion
The results on shear turbulence and isotropic turbu-

lence presented here show how unstable periodic or-
bits can be used to get a grip on structures in phase



space which are important for turbulent dynamics. Sure
enough, there are problems which restrict the applica-
bility of this approach. With the current algorithms and
computational facilities, the continuation of periodic
orbits in developed turbulence remains a formidable
task. There is no sure way to find unstable periodic
orbits in the first place. The investment is high, but so
is the return.

From a theoretical point of view, it is interesting to
establish a link to thecycle expansion theory(see, e.g.
Artusoet al. (1990)). Inspired in part by philosophies
about the nature of turbulence, this theory provides a
way to compute time averaged quantities of a chaotic
dynamical system from averages along periodic orbits,
embedded in the attractor. In recent work this theory
was applied to Galerkin truncations of partial differ-
ential equations, but only under the condition that the
dimension of the chaotic attractor be less than three
Christiansenet al. (1997). The proof of convergence
of the cycle expansion hinges on the possibility to de-
scribe the dynamics on the attractor by symbolic dy-
namics. In a somewhat simplified form, however, the
expansion formula can be applied without any knowl-
edge of symbolic dynamics. This inspired Zoldi and
Greenside (1998) to apply a cycle expansion to high
dimensional chaos and they obtained good results, in
spite of the absence of a theoretical basis.

More recently, Kawasaki and Sasa (2005) developed
what might be regarded as a version of the cycle expan-
sion theory for systems that exhibit high dimensional
chaos. In their approach the large number of degrees
of freedom is not an obstacle but rather an essential
property that allows for a statistical rather than a dy-
namical description of the system. They showed that
for spatio-temporal averaged quantities, such as the en-
ergy dissipation rate computed in section 3, very few
periodic orbits are needed to find an accurate approx-
imation of the value found in the turbulent state. This
results agrees very well with the results presented here.
Whether or not their theory can be applied directly to
truncations of the Navier-Stokes equation is an open
question. One of the problems is that their theory relies
on the normal hyperbolicity the phase space, a property
that can not be expected generally in physical systems.

Summarising, we can say that many problems are still
open and the theoretical discussion is in full swing. The
first results on unstable periodic orbits in developed
turbulence are encouraging and in the near future we
might learn a lot more about the nature of turbulence
following this approach.
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