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Abstract. The quasi-periodic doubling cascade is shown to occur in the
transition from regular to weakly turbulen t behaviour in incompressible Navier-
Stokes ow on a three-periodic domain. Special symmetries are imp osed on
the ow eld in order to reduce the computational eort. Thus we can apply
tools from dynamical systems theory such as contin uation of periodic orbits and
computation of Lyapunov exponents. We proposea \normal form" for the quasi-
period doubling cascade which, in a limit of a perturbation parameter to zero,
avoids resonance related problems. The cascade we observe in Navier-Stok es
o w should be compared to the perturb ed case, in which resonancescomplicate
the bifurcation scenario. However, the scaling of the observed cascadeis shown
to resemble the unperturb ed case, which is directly related to the well known
doubling cascadeof periodic orbits.

PACS numbers: 5.45.0n,47.20.Kg,47.27.Cn

1. Intro duction

In the absenceof boundariesthe incompressibleNavier-Stokesequationsare symmetric
under rotations, translations and re ections. If we imposea subgroup of symmetries
on the solutions we reduce the number of degreesof freedom in simulations of the
ow. In the early days of numerical simulation such reduction by symmetry was used
to probe into turbulent ow, revealing structures suc as the Taylor-Green vortex
[1]. Kida [2] put forward what is probably the maximal reduction still allowing for
turbulent ow. The corresponding o w is called high symmetric and wasusedto study
o w statistics at moderate and high Reynolds number [3, 4].

As computers have grown considerably since then, those results may be
reproducedtoday in simulations without any special symmetry. However, reduction by
symmetry can still be a useful approach when going to ever higher Reynolds number,
requiring higher resolution of the models, and when applying tools of dynamical
systemstheory to turbulence.

Recerily considerablee ort hasbeenmadeto apply cortinuation and bifurcation
analysisto uid dynamical problems, seee.g. [5, 6]. If this could be done at realistic
resolution the results could prove a valuable complemert to statistical analysisof direct
numerical simulation. At the momert the maximum number of degreesof freedom
tackled successfullyis of order 10*. Given that the simulation of turbulent ow at
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moderate Reynolds number requires a number of degreesof freedomin the order of
10°, reduction by symmetry can be successfullyapplied.

Here, we examinethe transition from regular to weakly turbulent motion in high
symmetric ow. Exploiting the divergencefree condition in addition to the symmetry
we gain a factor of about 300 with respect to general, non symmetric ow and a
factor of 3=2 with respect to earlier work on high symmetric ow in terms of the
number of degreesof freedom. Thus we can analysethe transition using cortin uation
of periodic orbits and computation of Lyapunov exponerts, using the direct method
for integration rather then the pseudo-sgectral method.

In addition to the Ruelle-Takens scenario, reported on previously [7], we nd
that a cascadeof quasi-periodic doubling bifurcations, otherwise knows as torus
doubling bifurcations, occurs in the transition to weak turbulence. To the author's
best knowledge this is the rst time this bifurcation sequenceis found in Navier-
Stokes ow at realistic truncation level. In order to relate the numerical results
to theoretical predictions we proposea kind of \normal form" for this cascade. In
contrast to model equationsstudied previously [8, 9] theseequations,basedon a xed
time smooth suspension of the Henon map, display a complete cascadewith a xed
frequency ratio of the bifurcating tori in the limit of a perturbation parameter to
zero. The obsenations are shown to be in agreemen with the unperturbed model
equationsto within the accuracy of the numerics. Only when looking at the leading
nonzeroLyapunov exponerts a di erence becomesapparert: in the unperturb ed model
equations the largest two nonzero exponerts become equal on an open interval in
parameter spacein between successie doubling bifurcation points, whereasin the
o w simulations they remain separate. The doubling cascaden the Navier-Stokes o w
should therefore be comparedto the perturb ed model equations, in which resonances
complicate the picture. This is the topic of future work.

2. The vorticit y equation for high symmetric o w

Consider an incompressible uid in a periodic box 0 < X3;X2;X3 2 . In terms of
the Fourier represena;i(on of velocity and vorxticit Y,

v=i  w(k)ekX L= Kk)ekX (1)
k k
we have
%H(k) = gkkkigv k%K) 2)
kit = 0 ©))
Fk) = i kkiw(k) (4)

where is the kinematic viscosity and the tilde denotesthe Fourier transform. In
terms of the standard norm energy and enstrophy are given by

E = %kvkz Q= %k! k2 (5)

respectively. Now considerthe following discrete symmetry operations: S;, re ections
in the planesV; givenby x; = and R;, rotations over =2 radiants about the lines
li :x; = =2forj 6 i. If the ow is invariant under these operations only one out
of three componerts of vorticity in a volume fraction 1=4° needsto be computed
to determine the ow on the periodic domain. Figure 1 givesan impression of the
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Figure 1. The structure of high symmetry. F represerts the state on a face of a
box with edgesof length =2. Reproduced from [2].

symmetries. We call a o w invariant under S; and R;, rst described by Kida [2], high
symmetric.

Symmetry operations S; and R; introduce linear relations between the Fourier
componerts of vorticity. First of all we have

F1(k1s Koy k) = Fa(ks; ki ko) = Fa(ko; kai ki) (6)
sothat we may consideronly one componert. This scalar function is even or odd in
its argumerts:

F1(ka; k2, k) = F1( kirkarka) =

Fi(ky; kojks) = Fi(ky ko;  ks) (7)
and nally we have 8
< ki(kg;ks; ko) for kg and ke and k3 even,
F‘l(kl; ko; k3) = !"1('(1; k3; k2) for kl and k2 and k3 odd, (8)
0 otherwise.

We considera cubic truncation, i.e. jki.2.3) N. Relations 6-8 reducethe number of
independert Fourier modes of vorticity by a factor of 192 in the leading order, that

is N3. This reduction was exploited by Kida et al [7, 3] to investigate scaling laws
at moderate to high Reynolds number. In the presert work we exploit the divergence
free condition for vorticity to further reducethe number of modes. With the aid of
equation 6 it reads

kiFi1(ke; ko; ka) + koki(ko; ks; Ke) + kaki(ks; ke ko) = 0 9)

Taking maximal advantage of relations 6-9 we consideronly Fourier componerts of ! |
in the fundamertal domain fk 2 Z3jks > ko;ks ki;ki O;ka > O;ks Ng. The
number of independert modesis reducedby a factor of 288in the leading order.
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These componerts satisfy the following equation

d
a!"l(kl;kz;k?:) = kokz(S(ks; ki;k2)  S(ko; ka; k1))

+ K1koT(kz2; k3 k1) kskiTi(ks; ki;kz)
+ (k3 K3)T(ky; ka;ks)  k2ki(ka; ka;ka) (10)
where S and T are the Fourier transforms of
S(X1;X2;X3) = Vi(X1;X2; X3)?
T (X1;X25X3) = Vi(X2;X3; X1)V1(X3; X1; X2) (11)
and
k®w = koF1(ka ki ko) Kaki(ko; ka; ki) (12)

Energy in supplied by xing the low order odd mode +;(1;1;3) = 3=8. Thus we
obtain a family of dynamical systemswith one parameter, , and a number of degrees
of freedom given by (

3

N_1
2

! if N is even
N1Z L N1 1 ifN s odd.

Z|\>|Z

n(N) = A (13)

WIN WIN
+ NI
NIw
! (NP4

3. Numerical considerations

In performing time integrations we avoid the use of a pseudo-sgctral method,
commonly employed for three dimensional simulations of Navier-Stokes. Up to a
truncation level of N = 25 (n = 1365) the direct method is not exceedinglyslow due
to the reduction of the number of degreesof freedom described above and yields easy
accessto the Jacobian for integration of the variational equations. Also, the direct
integration code can easily be run in parallel, distributing the computation of the
componerts of the vector eld over any number of processors.For higher truncation
levels, at which storage of the nonlinear interaction coe cien ts requires huge memory
space,it is mandatory to usea pseudospectral method, asdescribedin [3], eventhough
it does not exploit the divergencefree condition 9. For time integration a sewerth
to eight order Runge-Kutta-Felbergh schemewith step size adjustment is employed.
As many of the results preseried here are basedon rather long time integrations it
important to keepthe error tolerance low. We have cheded energy consenation at
zero forcing and viscosity using the high order and the fourth order Runge-Kutta
schemes. For realistic O(1) levels of the energy an integration time t = 10° and a
xed error tolerance E = 10 ° the step sizerequired for the fourth order schemeis
about ten times smaller then the averagestep size using the high order scheme. As
the high order method needsthirteen evaluations of the vector eld at ead time step,
against four for the low order scheme, it is more e cien t.

Below simulations are performed with a viscosity in the range 0:005< < 0:01
and the truncation level xed to N = 15. We computed the energyand the enstrophy,
as well as Taylor's micro-scale Reynolds number, R , and Kolmogorov's dissipation

length scale, , de ned by s
r _ —_

L E 2

p - 4 _
3 °Q - 2Q
The dimensionlessnumber N indicates if the resolution is high enoughin numerical
simulations. If N 1 the truncation error is considered negligible. At the st

R = (14)
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Figure 2. Band-averaged energy spectra near the rst transitions to chaos,
described in section 4.1. Obtained from an integration of 300 time units, log-
linear scalein normalised units. Left: truncation level N = 15, right: N = 21.

transition to chaos, the focus of this paper, we have N 0:8. The band average
energy spectrum is shown in gure 2(left). In order to make sure that the results
preseried below do not depend critically on the truncation level we repeated some of
the computations, in particular the location of the quasi-periodic bifurcation points
described in section4.1, at N = 21. The qualitativ e behaviour remains the sameas
the bifurcation points shift slightly to lower viscosity. For this truncation level we have
N 1 at the rst transition point. The band-averagedenergy spectrum is shown
in 2(right). At the small scalesan exponertial deca is visible, indicating that our
numerical results are reliable.
For cortinuation of periodic orbits in the viscosity we usedthe pseudo-arclength
method asdescribedin [10]. This method is time consumingbecauseof the integration
of the linearised equations. However, running the code in parallel this is no obstacle.

4. Transitions to chaos

For large viscosity an equilibrium state is the global attractor for high symmetric
ow. At 0:0113 a Hopf bifurcation occurs in which a stable periodic orbit is
created. To get an impression of the transitions from periodic to chaotic motion we
computed a limit point diagram in the range 0:01> > 0:005 of the Poincare map
on the coordinate plane given by ~(0;2;4) = 0:05. In this range the time average
micro-scale Reynolds number varies from R 50to R 27, indicating that the
aperiodic behaviour can be classi ed as weak turbulence, fully dewveloped turbulence
setsin around 0:003and R 80in high symmetric o w. The limit point diagram
is shavn in gure 3. Two parameter rangeswith periodic behaviour can be seen:one
around = 0:0landonearound = 0:0068. A cortinuation of theseperiodic orbits in
parameter is shown in gure 4. The branch which is stable around = 0:0068does
not bifurcate from an equilibrium at high viscosity. Both branchesbecomeunstable
in a Neimark-Sader bifurcation. Directly beyond these bifurcation points we expect
the behaviour to be quasiperiodic, and indeedinvariant circlesappear in the Poincare
section, gure 3. The breakdown of theseinvariant tori givesrise to chaos. The torus
createdat NS, displays a quasi-periodic Hopf bifurcation and thus the Ruelle-Takens
scenarioto chaosis followed, as reported in [7]. The torus created at NS; displays a
quasi-periodic doubling bifurcation which turns out to be the rst of a cascade.
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Figure 3. Limit point diagram of high symmetric ow. Integration time was

t = 1000 for each value of discarding transients. Visible is the transition I! 11
from periodic to quasi periodic, I1! Il to chaotic, I1l! IV back to periodic, IV! V
to quasi periodic and V! VI to chaotic/turbulen t. In region Il the behaviour
alternates between chaotic and two or three periodic while the spatial structure
of the ow remains simple.
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Figure 4. Branches of periodic orbits of high symmetric ow at N = 15. Solid
lines denote stable branches and dashed lines unstable branches. Bifurcation
points are marked SN for saddle-node, NS for Neimark-Sacker and H for Hopf.
The roman number refer to the stable periodic behaviour asseenin the limit point
diagram, gure 3.
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Figure 5. Poincare sections in the plane ! (0;2;4) = 0:05, projected onto the
modes ! (2;2;4) and ! 3;1;3. Four quasi-periodic doublings are shown in (a-e)
and the resulting chaotic attractor in (f).

4.1. The quasi-periodic doubling casade

In gure 5 six Poincare plots are shaowvn beyond bifurcation point NS;. The torus
\doubles" at least four times (a-e) before a chaotic attractor appears with a shape
very similar to the doubled torus. Rigorous bifurcation theorems for bifurcating
invariant tori were formulated by Broer et al [11, 12]. They include the bifurcation
shown here, in which a torus losesstability and a new stable torus is created with
one fundamental frequency half that of the original torus. Howevwer, the bifurcation
theorem is given for a one parameter family of tori that satisfy a non resonance
condition on the fundamental frequenciesthereby avoiding the problem of resonances
at which the torus losesnormal hyperbolicity. We have only one parameter in our
system and as we vary it we cut through a Cantor set of parameter values at which
the torus is normally hyperbolic. However, the resonanceswe passthrough, i.e. the
Arnold' tongues we cross, are of fairly high order as we nd for the fundamerntal
frequenciesat NS; that ! ; 10! ,. Recerly an algorithm for the continuation of
invariant tori was developed that \steps over" suc high order resonanceswithout a
problem, and in fact this algorithm was tested on a system that exhibits a cascade
of quasi-periodic doublings [13]. In this paper it is pointed out that in the absence
of a non resonancecondition the notion of a quasi-periodic bifurcation point itself is
unclear, asno normally hyperbolic torus existsin a whole interval in parameter space.
On oneside of this interval we obsene the stable singletorus and on the other sidethe
stable doubled torus. This interval turns out to be small comparedto the numerical
resolution of our simulations, a step sizein the viscosity of about 10 8,
Sequenceof torus doubling bifurcations have been obsened both numerically
and experimentally, e.g. in electronic circuits [14, 15] and sewere truncations of the
Navier-Stokesequations[16]. Long beforea bifurcation theoremwasformulated simple
models, tailor made to exhibit a quasi-periodic doubling cascade were studied [8, 9].
In thesemodelsan in nite cascadecould only be obsenedin alimit of the parameters
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Figure 6. Frequency spectrum of the energy just beyond bifurcation point D3
around the widely separated frequencies! 1.2. Note the peaks due to the doubling
bifurcations around ! » and the resonance peaks around ! 1.

were the vector eld can be decomposedinto a three dimensional vector eld which
exhibits a period doubling cascadeand a constart rotation. Away from this limit the
stable torus is more fragile after eac bifurcation and the cascadeis interrupted in
a resonancetongue. Indeed, in the examplesmerntioned above chaotic behaviour is
obsenedafter two or three doublings. In our systemwe nd four doublings, after which
quasi-periodic motion is very hard to distinguish from aperiodic motion numerically.

In order to interpret our numerical results, let us formulate a kind of normal
form for the quasi-periodic doubling cascade. Let Hs(x;y) be a family of Henon
maps on R? which exhibits a period doubling cascade.Let s; be the period doubling
bifurcation point at which a stable 2'-periodic points created and let lim;;; s = 0.
Let ((x;y;u;s) be a smooth xed time suspension of Hs on R> S so that

1(X;y;0;8) = (Hs(x;y);0). The ow . is generatedby an autonomousvector eld,

denotedhereby f:@ + f.@ + @ (for an explicit construction, see[17]). Finally, we
add a secondperiodic variable and a coupling proportional to

x = f1(x;y;u;s) + hq(v) u=1
y = fa(x;y;u;s) + ha(v) v="1+ g(xy) (15)

with h:S! R? g:R?! Sand! irrational. For = Othe owonR? S Siis
givenby (x;y;u;v;s) = ( ((X;y;u;s);v+ !t) and we know that

() At s=s; astable torus with fundamertal frequencies1=2" and ! is created.

(i) The quasi-periodic doubling bifurcations accunulate on zerowith the samescaling
asfor the period doubling cascadej.e. limj;; (si s 1)=(Si+1 Si) = , where
= 4:669:::, the Feigerbaum constarn.

(i) The Lyapunov exponerts of the attracting torus are determined by the Floquet
multipliers of the corresponding periodic points of Hs. Therefore the two largest
nonzero exponers should be equal on a open interval contained in ead interval
(Si;Si+1)-

For nite  the secondfundamenal frequency will depend on s continuously and

resonancepoints will be passedthrough on the way the the accurulation point s= 0

sothat the cascademight be terminated.

In order to seeif the \normal form" 15 predicts the outcome of the simulations we
computed frequency spectra, showvn in gure 6, and the leading Lyapunov exponerts,
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Figure 7. Left: largest nonzero Lyapunov exponents 1.2 as a function of in
the quasi-periodic doubling cascade. The rst three doubling points have been
marked D1:2:3. Right: enlargement of the regions around D1 and D,. Note that
after the second doubling the Lyapunov exponents do not cross.

shown in gure 7. For computation of Lyapunov exponerts we used nite di erencing
rather than integration of the full linearised system. Integration was done until the
two zero exponerts had corvergedup to 10 “.

Turning rst to gure 6 we seethat after three doublings bifurcations peaks at
frequencies! =2, ! ,=4 and ! ,=8 show up, as well as combination peaksaround ! ;.
In the caseof a period doubling cascadethe amplitude ratio  between consecutive
peaks! =2' can be predicted on basis of the scaling constarts [18]. We attempted to
measurethis ratio for the quasi-periodic doubling casebut only the rst three peaks
can be distilled from the spectrum. Thesescaleroughly by a factor of = 4, not far
from the theoretical prediction for the period doubling case = 4:648:::. In the case
of Poincare maps, rather then discrete maps, similar deviations form the theory are
found.

In gure 7 the leading Lyapunov exponerts are showvn as a function of viscosity.
From these data we can estimate the locus of the bifurcation points, stressingonce
more that this notion is ill-de ned on a scalesmaller then our resolution in parameter
space.Thuswe nd consecutie estimatesfor the scaling constart

=i D)= )
1= 464 02 2= 488 05 (16)

again compatible with the theory for period doubling cascadesalbeit a rough estimate.
In the enlargemerts around the points D1 and D5 is can be seenthat after the second
doubling the leading no zero exponerts do not becomeequal. This shows that the
cascadeobsened here cannot be simply described by \normal form" 15with = 0.
The cascadeis if fact interrupted by resonancesas would be the casein system 15
with  nite.

5. Conclusion

We have investigated the transition from stationary to disordered behaviour in high
symmetric ow. In combination with the symmetry the divergencefree condition was
exploited to reducethe number of degreesof freedom by a factor of about 300 with
respect to generalperiodic Navier-Stokes o w, a gain of 30% comparedto earlier work
[2,7,3]. This allowedusto investigatethe bifurcation scenarioin detail and at realistic
truncation level.
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Along with the Ruelle-Takensscenario,the quasi-periodic doubling cascadeoccurs
as a route to weak turbulence. By means of Poincare sections, power spectra and
Lyapunov exponerts we have shown that this cascadebears closeresenblance to the
well known doubling cascadefor periodic orbits. We obsene four doublings after
which quasi-periodic behaviour is very hard to distinguish from chaotic behaviour
numerically. In previouswork on the quasi-periodic doubling cascadeboth numerical
and experimental, chaosis reported to setin after two or three doublings [14, 16, 15].
The fact that we see more doublings is probably due to the widely separate
fundamenal frequenciesof the bifurcating tori in our system, asis the casein recert
work by Sdilder et al[13].

In order to make the notion of a quasi-periodic doubling cascadeprecisewe have
proposed a \normal form", equations 15, such that in the limit of a perturbation
parameter # 0 the correspondenceto the periodic doubling cascadeis exact. The
scaling of the rst steps of the cascadeand the frequency spectra agree with the
prediction of the unperturb ed equations15in the caseof high symmetric o w. Looking
at the leading nonzeroLyapunov exponerts, however, a di erence becomesapparert.
The two largest nonzeroexponerts remain separatein betweendoublings, which can
only bethe casein equations15for nite . The behaviour of equations15 with nite
perturbation seemsto be worth a study in itself. Interesting questionswould be if the
scalinglaws of the doubling cascadeare in uenced by the perturbation and how many
steps of the cascadecan be obsened given the ratio of fundamental frequenciesand
the strength of the perturbation.

The solutions preserted here, in particular the bifurcating tori, are solutions of
the three dimensional Navier-Stokes equations on a periodic domain. They might,
however, prove to be unstable to asymmetric perturbations. It is therefore uncertain
whether the quasi-periodic doubling cascadecan be obsened in periodic o w without
any symmetriesimposed. it does, however, occur at low Reynolds number, at which
asymmetric perturbations might be damped. Even at such low Reynolds number, the
simulation of generalthree dimensional o w, and the bifurcation analysisas presered
here, remains a formidable task.
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