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Abstract

Peakons are non-smooth soliton solutions appearing in certain nonlinear partial differential equa-
tions, most notably the Camassa-Holm equation and the Degasperis-Procesi equation. In the latter
case the construction of peakons leads to a new class of biorthogonal polynomials. The present paper
is the first in the series of papers aimed to establish a general framework in which to study such poly-
nomials. It is shown that they belong to a class of biorthogonal polynomials with respect to a pairing
between two Hilbert spaces with measures da, d3 on the positive semi-axis R4 coupled through the
the Cauchy kernel K(z,y) = ziy. Fundamental properties of these polynomials are proved: their
zeros are interlaced, they satisfy four-term recurrence relations and generalized Christoffel-Darboux
identities, they admit a characterization in terms of a 3 by 3 matrix Riemann-Hilbert problem.
The relevance of these polynomials to a third order boundary value problem (the cubic string) is
explained. Moreover a connection to certain two-matrix random matrix models, elaborated on in
subsequent papers, is pointed out.
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1 Introduction

This paper deals with a class of biorthogonal polynomials {p, (z)}n, {gn(y) }n of exact degree n satisfying

the biorthogonality relations

da( )dB(y)
/]RJr A+ pn Qm Tty —5mn7 (1‘1)

where da, d8 are positive measures supported on R such that all the bimoments are finite.
We present two main reasons why such polynomials are of interest: one source of interest is the weakly

dispersive equation

Up — Ugat + WUy = 2UpUpy + Ulgge, (T,t) € R?, (1-2)

which was proposed in the early 1990s by Camassa and Holm [1] as a model shallow water wave equation.

This equation admits weak solutions of the form:

— Z m(t) e~ lF= =01 (1-3)
i=1

where the positions x;(t) and the heights m;(t) are determined by the system of nonlinear ODEs:

n
_ — | T —T;
k — E m;e ! l|7
=1

(1-4)
n
my, = kami sgn(zy — x;) e~ leR—wil
i=1
for k =1,...,n. On account of the non-smooth character, and the presence of sharp peaks at {x}}, these

solutions were named peakons. The peakon solutions to the CH equation were subsequently constructed
using inverse scattering techniques by Beals, Sattinger and Szmigielski [2, 3]. In particular, it was shown
in these works that rapidly decaying at large x solutions to the CH equation can be constructed by solving

the inverse problem for an inhomogeneous string equation:

- ¢77 (Eaz) = Zm*(f)(b(f,Z), 1< 5 < 172 € C. (1_5)

In this equation, ¢ is related to the spacial variable by £ = tanh(z) and m*(§) is simply related to
m(z) = u — ugzy. In the peakon case, m = > | m;0,,, where &, is the Dirac measure concentrated
at the position of the peak z;, and m* = Y " | m; 0y respectively [2]. The connection to orthogonal

polynomials became transparent once it was realized that the Weyl function for the problem (1-5),



admits a continued fraction expansion of Stieltjes’ type:

W(z) = ; (1-6)

1
my;, + W
where [7 = 27, — 7 is the distance between peaks in the § coordinate. In this way the peakon solutions
became intimately linked to the origins of the modern theory of orthogonal polynomials [4]. One of the
most immediate applications of orthogonal polynomials to peakons was the proof of the absence of the
so-called triple collisions [3], roughly stating that the peaks z; can only coalesce in pairs. The essential
part of the argument could be traced back to the fact that orthogonal polynomials satisfy three-term

recurrence relations. Yet, the CH equation can be viewed as belonging to a family of PDEs
Ut — Uggt + (b + l)uul = bu.LuLI + UlUgga, (Jf, t) c R27 (1_7)

for which the peakon ansatz (1-3) leads to a similar system of ODEs as (1-4):

n
x'k = E mie—|fﬂk—1i\’
i=1

e = (b—1) kami sgn(xy — x;) e~ 1Rl
i=1

(1-8)

Two cases of (1-7) are known to be integrable. In addition to the case b = 2, namely the original CH
equation, the case b = 3 is also known to be integrable. The latter equation was discovered by Degasperis
and Procesi [5] and was later shown to be integrable by Degasperis, Holm and Hone [6, 7]. We will refer to
the case b = 3 of (1-7) as the DP equation. The construction of the DP peakons was given by Lundmark
and Szmigielski, first in a short note [8], then a complete construction in the longer paper [9]. The main
steps of this construction, presented with an emphasis on its connection to biorthogonal polynomials, is
the subject of Section 3.

The other motivation comes from random matrix theory: while this topic will be dealt with in depth
in the subsequent papers, we indicate the main reasons behind this aspect of our interest in biorthogonal
polynomials.

It is well known [10] that the Hermitean matrix model is intimately related to (in fact, solved by)
orthogonal polynomials (OPs). Not so much is known about the role of biorthogonal polynomials (BOPs).
However, certain biorthogonal polynomials somewhat similar to the ones in the the present paper appear
prominently in the analysis of “the” two—matrix model after reduction to the spectrum of eigenvalues

[11, 12, 13, 14]; in that case the pairing is of the form

/ / P (@) (1)e™da(2)dBW) = Sy (19)



We refer to these BOPs as the “Itzykson—Zuber BOPs” (IZ-BOPs) due to the relevance of the Itzykson—
Zuber—Harish-Chandra formula for the matrix model they derive from. Several algebraic structural prop-
erties of these polynomials and their recurrence relation (both multiplicative and differential) have been
thoroughly analyzed in the previously cited papers for densities of the form da(z) = e="1(@)dxz, dB(y) =
e~ V2Wdy for polynomials potentials Vi(z), Va(y) and for potentials with rational derivative (and hard—
edges) in [15].

We recall that while ordinary OPs satisfy a multiplicative three—term recurrence relation, the BOPs
defined by (1-9) solve a longer recurrence relation of length related to the degree of the differential
dVj(z) over the Riemann sphere [15]; a direct (although not immediate) consequence of the finiteness
of the recurrence relation is the fact that these BOPs (and certain integral transforms of them) are
characterized by a Riemann—Hilbert problem for a matrix of size equal to the length of the recurrence
relation (minus one). The BOPs we deal with in this paper share all these features, although in some
respects they are closer to the ordinary orthogonal polynomials than to the IZBOPs.

We now list the main properties of biorthogonal polynomials studied in this paper:

- they are linked to the spectral and inverse spectral problem for the cubic string, similar to the

ordinary polynomials being linked to the theory of an inhomogeneous string of M.G. Krein [16]
- they solve a four—term recurrence relation for any pair of measures da, d8 as specified after (1-1);
- they have positive and simple zeroes;
- the zeroes of p,(z) (¢.(y)) are interlaced with the zeroes of the neighboring polynomials;
- they are characterized by a 3 x 3 Riemann—Hilbert problem;

- they satisfy interesting Christoffel-Darboux identities which pair them naturally with other

sequences of polynomials which solve a dual Riemann—Hilbert problem.

In the first part of the paper which comprises sections 3.1 through 3.3 we carry out a detailed study of a
discrete cubic string with a variety of boundary conditions and establish the main source of biorthogonality
in the form of a generalization of the Parseval Identity (Theorem 3.4). This part of the paper is of interest
per se and can be read independently of the remainder of the paper, even though it is conceptually
important to understand the deeper reasons for the relevance of biorthogonality from the ODE point
of view. This part of the paper addresses the first item on the list above, but it also motivates many
concepts introduced later.

The second part of this paper, starting with section 4.1 onward, is the detailed analysis of the remaining
points from the list.

In the follow-up paper we will explain the relation of the BOPs introduced in this paper with



e a new two—matrix model with its relevant diagrammatic expansion for large size [17];

e arigorous asymptotic analysis for continuous (varying) measures da, dg using the nonlinear steepest
descent method [17];

e generalizations covering a multi-matrix model [18].

1.1 Relationship with random matrix models

As a preview of the forthcoming papers we would like to point out the relevant two-matrix model our
polynomials are related to.

Consider the set of pairs Hf) := {(M1, M2)} of Hermitean positive-definite matrices; it is a cone in
the direct sum of the vector spaces of Hermitean matrices, endowed with the (U (N)—-invariant) Lebesgue
measure, which we short-handedly denote by dM;dM,. Consider the following positive measure on this

space
]. a/(Ml)/BI(MQ)dMldMQ

dp(My, Ms) =
(M, M>) Z](\?) det(M; + My)N

(1-10)

where Z](\?) (the partition function is a normalization constant crafted so as to have a unit total mass). As
a result the measure space (H(f)7 dp) becomes a probability space, and the matrices M;, My are random
matrices. The notation o/ (M), 3’ (Ms) stands for the product of the densities o', 5" (the Radon—-Nikodym
derivatives of the measures da, d§ with respect to the Lebesgue measure) over the (positive) eigenvalues
of M;.

This probability space is similar to the so—called two—matrix model, where the coupling between
matrices instead of det(My + My) ™% is eNTrMiMz [19]. The connection with our BOPs (1-1) is precisely
on the same footing as the connection between ordinary orthogonal polynomials and the Hermitean

Random matrix model [10], namely the probability space over Hy given by the measure

dur (M) == —=a/(M)dM . (1-11)
In particular we will show in the forthcoming paper how the statistics of the eigenvalues of the two
matrices M; can be described in terms of the biorthogonal polynomials we are introducing in the present
work. A prominent role in the description of said statistics will be played by the Christoffel-Darboux
identities that we develop in Section 6. Finally, it remains an open question as to what the nature of the
precise connection between what we are proposing and the work of Mark Adler and Pierre van Moerbeke

(e.g. [20]) is, and that item certainly merits further investigation.
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List of symbols and notations commonly used

Given variables z1,...,x, we will denote them collectively as X, regardless of what the labeling

set is.

Sy, denotes the group of permutations of n elements.

Given a permutation o € S,, we will denote by X, the permutation of the indices of the variables.
Given a permutation o we denote by €(c) its sign.

C(X) = H?:1 Zj

A(X) = 1o (s — 2;) = detfa] i j<n

Given a square matrix A we denote by A the matrix of its cofactors (the adjoint matrix).

o, 3; = moments of the measures da, dj.

K (z,y)= totally positive kernel.

(z*|yt) = I = [ 2'y*da(z)dB(y)K (z,y) bimoments associated to the kernel K(z,y) and the

measures da, dj3.

I = [Ij, /]=matrix of bimoments.

D,, := det[Ij ¢k ¢=0,... n—1, principal minors of the bimoment matrix.
A = semiinfinite upper shift matrix.

Pn (), ¢n(y), biorthogonal polynomials satisfying (p,|¢m) = dmn-

T

Given any sequence {z;} we will denote by x the column vector |?2| , while xT will denote the

corresponding row vector.

m = [pdo, n = [qdf.



3 Degasperis-Procesi equation and a cubic string
3.1 DP equation

We begin by summarizing basic facts about the DP peakons. The Degasperis-Procesi (DP) equation:
Ut — Ugpgt + 4UUy = SUzpUgy + Ulgey, (z,t) € R?, (3-1)

admits weak n-peakon solutions. They are obtained by substituting the peakon ansatz (1-3) into (3-1).

Then careful analysis shows that the solution exists in a weak sense if and only if:

n
Ty = Zmief‘z’“‘*m"l,
= (3-2)
my = Qkami sgn(zg — x;) e~ lwE—wil
i=1
This system of ODEs can be successfully analyzed with the help of another crucial ingredient: the
DP equation admits a Lax formulation, first proposed in [6]. Thus the DP equation follows from the

compatibility condition for the the system

(0p — ) = 2, (3-3a)
Op = [ (1= 92) + uy — udy] ¥ (3-3b)

where z € C. In the case of peakons, m = > | m;0,,, and, as a result, the equation (3-3) is assumed
to hold in the sense of distributions. Furthermore, (3-3) can be solved quite explicitly [9]. To this end it
is useful to perform a Liouville transformation on (3-3). This is fully explained in [9] and here we only
need the main thread of the reasoning that results in the appearance of the cubic string boundary value

problem.

Lemma 3.1. Under the change of variables

2
e—tand, )= 148, (3-4)
the DP spectral problem (3-3a) is equivalent to the cubic string problem
—Peee(§) = 2g(§) ¢(§)  for £ € (-1,1),
¢(—1) = ¢e(—1) =0, (3-5)
¢(1) =0,

where




In the discrete case, when m(z) =237 m; 8y, equation (3-6) should be interpreted as

n
9(€) = gid,, where & =tanhT, gi=-—"—.
pat 2 (1-¢)

Remark 3.1. The specific boundary conditions mentioned in the lemma have been chosen to deal with

(3-7)

the peakon problem. We will choose later a different set of boundary conditions to reflect the focus of this

paper (see 3.2)

3.2 Discrete cubic string

We slighly generalize the cubic string discussed in the previous section in connection with the peakon
problem. In an ordinary string problem different boundary conditions correspond to different ways of
tying down the ends of the string. For us, different boundary conditions will eventually lead to different

spectral measures with respect to which we will define the biorthogonal polynomials.

Definition 3.1. We define the cubic string boundary value problems (BVP) of three types

— feee(€) = 29(8) f(§)  for £ € (0, 1),
f(0) = fe(0) =0, (3-8)
Type 0 (Peakon case): f(1) =0, Type 1: fe(1)=0 Type 2: fee(1) =0

Remark 3.2. For simplicity we have adjusted the length of the string; it is now 1 rather than 2.

We are only interested in the case where the mass distribution consists of a finite collection of point-

masses:

g(ﬁ):Zgié&, where 0<g;, 0<& <& <--- << (3-9)

i=1
We will consider all three boundary value problems mentioned above with this mass distribution, as well
as one degenerate case in which the last mass is placed at 1 (i.e. &, = 1: in the latter case we take the
right hand limit to compute the derivatives of f at 1. Moreover, for that case, we consider only the BVP
of type 2.)
We will collectively refer to all these cases as the discrete cubic string.

We will also use an accompanying initial value problem, which is the same for all three types.

Definition 3.2. The cubic string initial value problem (IVP) is defined by the following equations

—deee(§) = 29(&) 9(§)  for £ €(0,1),
$(0) = ¢ (0) = 0, ¢ (0) =1

The boundary value problems in Definition 3.1 are not self-adjoint and the adjoint boundary value

(3-10)

problems play an important role.



Definition 3.3. The adjoint cubic string boundary value problems are described by the following rela-

tions

féee(§) = 2g(&) f7(§)  for £ € (0,1) (3-11)
1. Type 0
f7(0) =0,
fr() =) =0,
2. Type 1
fr(0) =0,
[T = fe(1) =0,
3. Type 2

f7(0) =0,
féQ) = fée(1) = 0.

The corresponding initial value problem is:

Definition 3.4. The adjoint cubic string initial value problems are gives as

Peee(§) = 29(§) 97(€)  for £ € (0,1),
with nonzero initial values as follows (3-12)
Type 0: ¢ge(1) = 1, Type 1: ¢¢(1) = 1, Type 2: ¢*(1) =1
To avoid cluttering the notation we will use the same symbol ¢* in all three cases whenever the

context clearly identifies one of the three adjoint boundary/initial value problems. When necessary, we

will attach an index a = 0,1, 2 referring to the type, for example, ¢ will refer to the BVP/IVP of type
0 etc.

In the process of integration by parts one identifies the relevant bilinear symmetric form:

Definition 3.5. Given any twice differentiable f,h the bilinear concomitant is defined as the bilinear

form:

B(f,h)(§) = fech — fehe + fhee. (3-13)



This bilinear symmetric form induces a bilinear symmetric form (denoted also by B) on triples F7T :=
(f, fe> fee), namely

0 0 1
B(F,H)=FT'JH, J:=(0 -1 0]. (3-14)
1 0 0

We also define a natural L? space associated with g, denoted L?[0, 1] g, equipped with the inner product:
(fih)g= fol FR(&)g(&) dE. Since all initial value problems 3.2, 3.4 can be solved for arbitrary z € C, ¢
and ¢* are functions of the spectral parameter z. The following theorem establishes a relation between

these two functions and the relevant boundary value problems.

Lemma 3.2. Suppose ¢(§; z) and ¢*(&; A) are solutions to the IVPs 3.2, 3./ with spectral parameters z
and A.

1. Type 0: the spectrum is determined by the zeros of ¢(1,z) = 0. Moreover,
— B(6(&2), 0" (&, Mg = 0" (0; 1) = ¢(1;2) = (2 = N)(d(#:2), 9" (9 7))- (3-15)
2. Type 1: the spectrum is determined by the zeros of ¢¢(1,z) = 0. Moreover,
— B(¢(&2), 6" (& N]o = 07 (0: ) + de(152) = (2 = X)(4(9; 2), 9" (93 1)) - (3-16)
3. Type 2: the spectrum is determined by the zeros of ¢ee(1, z) = 0. Moreover,
— B(6(&2), 9" (&, N)]g = ¢*(0;N) — dee(152) = (2 = A)(6(9; 2), 9" (93 1)) - (3-17)
In addition, in all three cases,
= B(¢(&2), 0(& Mo = (2 + X) (95 2), 6(; M) - (3-18)
Proof. Indeed (3-10) and two integrations by parts imply that
1 1
~ [ bl 107 €N ds == Bloo s+ [ 0(6i2)0zecl N d =
1
[ ol 2107 (€ N9l e
0
Consequently, using equation (3-12) we obtain:
1
~B(o 0y = (= A) [ oles)0" (6 Nale) de.

which in view of the initial conditions implies the claim. A similar computation works for the second

identity. O

10



It is now easy to see that
Corollary 3.1. ¢ and ¢* satisfy the following relations:
1. Case 0: ¢*(0;2) = ¢(1;2). Case 1: ¢*(0;2) = —¢¢(1;2), Case 2: ¢*(0;2) = ¢ee(1;2).

2. Case 0: —¢,(1;2) = (¢(®;2),p*(9;2))g. Case 1: Pe,(1;2) = (p(0;2), 9" (8;2))y. Case 2: —ee,(1;2) =
(6(#;2), 9" (#; 2))g-

We give below a complete characterization of the spectra and of the eigenfunctions for all three BVPs.

Theorem 3.1. Consider a cubic string with a finite measure g as in (3-9).

1. Let z,; denote the eigenvalues of the BVP of type a = 0,1,2. In each of the three cases, the

spectrum s positive and simple.

2. For any pair of BVPs of type 0,1,2 the spectra are interlaced in the following order:

225 < 21,5 < 20,5, j=1...n

3. The eigenfunctions ¢(&; 24,5) = ¢a,;(§) can be chosen to be real valued and they are linearly inde-

pendent. Moreover, for the following combinations of BVPs, (¢a:, $b.j)g factorizes as:

(a) Type 00:
$0,i,¢(1)Po,5,¢(1)
i N\ — LAY -1
(G0 0)y = 20 0 (319)
(b) Type 01
Po,iee(1)¢r,;(1)
is . — I DSSAN ST N _2
(G05,61)y = ~ 20 (3-20)
(c) Type 12
Prige(1)@2,5(1)
iy j = - — - -21
(¢1, ¢27j)9 214+ 22, (3 )
(d) Type 22
$2.i.6(1)d2,56(1)
i P2,5)g = —— = -22
(¢2, ¢2’J)9 Zoi+ 22 (3 )
Proof. It is easy to check (see Section 4.1 in [9]) that
o(1;2) 0
0e(1;2) | = LyGr(2) Lyym1 Gr—1(2) -+ - L1 G1(2) Lo | 0] . (3-23)
pee(1; 2) 1
where
1 0 0
Gz)=| o 1 o],
—zgr 0 1



1 I li/2
Lp,=10 1 I ,
0 0 1
and
lk? = £k+1 - flﬁ 50 = 07 §n+1 =1. (3-24)

We prove the statement about the spectra by using the results obtained in [9]. By Theorem 3.5 in [9]
¢(1;2) has n distinct positive zeros and so do ¢¢(1;2) and ¢ee(1;2) (denoted there ¢y, ¢y,). Indeed
t ii 82 and q;ff((ll;;;)) are strictly positive on the spectrum of Type 0,
which implies that both ¢¢(1;2) and ¢es(1;2) change signs n times, hence all three spectra are simple.

Furthermore, ¢¢(1;—2) > 0, ¢ge(1;—2) > 0 for z > 0, so the zeros of ¢¢(1;2) and ¢ee(1; z) are strictly

this follows from observing tha

positive and consequently they interlace with the zeros of ¢(1;z). Thus the spectra of type 0 and 1, as
well as 0 and 2 interlace. To see that the spectrum of type 1 interlaces with the spectrum of type 2 we

proceed as follows. By (3-18), after evaluating at z = z3;, A = —22;, we obtain

Ge (1 22,4)Pe (15 —22,3) = dee(1; —22,,)d(1; 22,4),

which gives

Pelliza) = Pe(1; —22,1)

For z > 0, sgn(¢e¢(1; —2)) = sgn(dee(1; —2)) = +1 because both are strictly positive there. Since the

P(1; 22,1) (3-25)

zeros of ¢(1; z) interlace with the zeros of ¢¢e(1; 2), sgn(é(1; 22,;)) alternates, which in turn implies that
sgn(pe¢(1; 22,5)) alternates as well. Thus the proof that the zeros of ¢¢(1; z) are simple and they interlace
with the zeros of ¢¢¢(1;2) is complete.

The relative position of the spectra of the three types is best inferred from the fact that ¢¢(1 : z0,1)
iigj and Ziﬁ((i’;)) are strictly positive on the spectrum of Type
0. Thus the spectra of type 1 and 2 are shifted to the left relative to the spectrum of type 0. In particular,
#(1,22,1) > 0 and so is ¢¢(1, z2,1) by (3-25). Thus, at least the first zero of ¢¢s occurs to the left of the

zeros of ¢¢ and ¢. So 221 < 21,1 < 20,1. Suppose this holds for the (j — 1)st eigenvalues. Then we know

and ¢ge(1 : z0,1) are both negative since

that both 2zpj_1 < 21,5 < 20,5 and zgj—1 < 225 < 20,5. If 215 < 2z2; then 29 ;1 < 211 < 21,; < 22,5,
thus contradicting that the spectra of type 1 and 2 interlace.

The statements about the eigenfunctions follow immediately from equation (3-18) after setting z =
Zayi, A = Zp,j. We turn now to the linear independence. We observe that the cubic string boundary value

problem 3.1 can be equivalently written as an integral equation:

o(6:7) = 2 / G(&7)(r; 2)g(r) dr, (3-26)

where G(&, 7) is the Green’s function satisfying the boundary conditions of 3.1. Then the linear indepen-
dence of eigenfunctions corresponding to distinct eigenvalues follows from the general result about the
eigenfunctions of a linear operator.

O

12



We now briefly analyze the degenerate case with the mass m,, at the end point x,, = 1. The remark
right below the next theorem partially explains its relevance . First, we state the main theorem for the

degenerate case.

Theorem 3.2. Let us consider a cubic string with a finite measure g as in (3-9) with , = 1, and the
BVP of type 2. Then

1. the spectrum is positive and simple
2. the zeros {zoyj}’f—l of ¢(1; z) interlace with the zeros {za ;} of ¢ee(1; 2) and
0<291<201< " 20,n-1< 22,n
holds,

3. the eigenfunctions ¢(&; z2,5) = ¢;(§) can be chosen real, they satisfy
_ 9ie()de(1)

22,4+ 22,5

(¢is Di)g (3-27)

and they are linearly independent.

Remark 3.3. We notice that deg ¢(1; z) = deg ¢¢(1; 2) = n—1 while deg ¢¢e(1; 2) = n. This is in contrast
to the previous cases with all positions x1,...,x, inside the interval [0,1] for which all polynomials have

the same degree n.

Proof. The spectrum is clearly given by the zeros of ¢¢¢(1;2). Let us first consider the case when m,, is
placed slightly to the left of the point 1. Thus, initially, I, > 0 (see (3-23)). By Theorem 3.1 ¢(1; 2) has
n distinct positive zeros and so does ¢¢¢ and they interlace. We subsequently take the limit [, — 0 in the
above formulas. We will use the same letters for the limits to ease the notation. By simple perturbation
argument, z, ¢ — 0o. Since z = 0 is not in the spectrum, 2z ; has to stay away from 0. This shows that
the spectrum is positive. Furthermore, in the limit zy1,..., 20,n—1 approach simple zeros of the BVP of

type 0 for n — 1 masses. Indeed, using (3-23) with {,, = 0 there, we obtain:

G(1+0;2) = (1 —0:2), de(1+052) = de(1 = 0:2),  ee(l+052) = —zmnd(l — 0:2) + dee (1 — 0; 2),

(3-28)
where 1 4 0 refers to the right hand, or the left hand limit at 1. To see that the spectrum is simple
we observe that if in the limit two successive eigenvalues coalesce, namely 29 ; = 22 41, then necessarily
z9,; = 20,; because of the interlacing property. However now equation (3-28) implies that ¢(1 —0;z0,) =
¢ee(1 —0; 20,) = 0 which contradicts Theorem 3.1 for the BVP of type 0 for n — 1 masses. Thus, the
zeros of ¢(1 40, z) and ¢ee(1 + 0, 2) interlace and we have

0< 221 <201 < - <22n-1<Z2n-1<22n
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To prove the statement about the eigenfunctions we use (3-18) and after setting z = 2, A\ = z; in that
formula we obtain the required identity. The linear independence is proven by the same type of argument

as in the proof of Theorem 3.1. O
We immediately have several results about the adjoint cubic string 3.3.

Corollary 3.2. Given a discrete finite measure g
1. the adjoint cubic string (Definition 3.3) and the cubic string (Definition 3.1) have identical spectra.

2. Let ¢, ; be the eigenfunction corresponding to the eigenvalue zq;. Then the families of functions

{ba,;} and {¢; ;} are biorthogonal, that is:

(BaisPajlg =0 whenever i # j. (3-29)
3. Fori=yj,
—¢:(1;20,:) #0,a=0
(Bayis Pai)g = § Pe=(15214) #0,a =1 (3-30)
—¢eez(13224) #0,a =2
holds.

Proof. The first equality in Corollary 3.1 implies that the spectra of the cubic string and its adjoint are
identical. The biorthogonality follows immediately from equations (3-15), (3-16) and (3-17). For i = j
we use Corollary 3.1. Finally, since the spectrum is simple the required derivatives with respect to z are

nonzero. 0

We conclude this section with the definition and some fundamental properties of two important

functions which play a significant role in the remainder of the paper.

Definition 3.6. We call

pe(1;2) Pee(1; 2)
Wi(z) .= , Z(z) = ——— 3-31
S e R T T 31
the Weyl functions associated with the cubic string boundary value problem 3.1 of type 0. We call
¢(1;2) Pee(1;2)
Wi(z):=— , Z(2) = =—=—F 3-32
(2) oe(152) (2) oe (15 2) (3-32)
the Weyl functions associated with the cubic string boundary value problem 3.1 of type 1. We call
pe(1; 2) 9(1;2)
W(z) = ———=, Z(z) = ——— 3-33
) Pee(1;2) @) Pec(1;2) (383)

the Weyl functions associated with the cubic string boundary value problem 3.1 of type 2.
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Remark 3.4. The definition of the Weyl functions for the BVP of type 2 in the degenerate case is
identical to the one given above for the BVP of type 2.

The Weyl functions W and Z are not independent, they are related by an identity which was originally
formulated for the DP peakons in [9]. As an example we formulate such an identity for the BVP of type

2 (both the degenerate as well as the nondegenerate case).

Lemma 3.3. Consider the BVP of type 2. Then the corresponding Weyl functions satisfy:
W)W (—2)+Z(z)+ Z(-2) =0 (3-34)

Proof. By formula (3-18)
B((&;2), (& —2)|o = 0, (3-35)
which, when written out explicitly, gives the identity:
bee(152)0(1; —2) — Pe(152)Pe(1; —2) + dee(1; —2)p(15 2) = 0. (3-36)
Upon dividing the last equation by ¢ee(1; 2)pee (1; —2) we obtain the claim. O

We state now the fundamental theorem with regards to W(z) and Z(z). We state only the relevant
results for the BVP of type 2 in the degenerate case , the remaining cases being merely variations of this,

most transparent case.

Theorem 3.3. Consider the BVP of type 2 (degenerate case). Then the Weyl functions W and Z have

the following (Stieltjes) integral representations:

W(z) = / L8y, 2(z) = dB(y)dp(z), (3:37)

1
iy /m

where dﬁ = Z?:l bié‘zz,wb‘ = M > 0.

U pee=(1522,4)

Proof. Since ¢(1; z), pee(1; z) have simple, interlacing zeros, and deg ¢(1; z) = n — 1 while deg ¢¢¢(1; 2) =

n, W(z) admits a partial fraction decomposition with simple factors:

where, by the residue calculus, b; = % Moreover the b;s are all of the same sign because the
zeros of ¢(1; z) and ¢ee(1; z) interlace and, consequently, it suffices to check the sign of % at the

first zero z2,1. By Theorem 3.1 sgn(¢(1; 22,1) = 1, and thus b; > 0 because on the first zero ¢¢¢, must be
negative. Consequently, all b; > 0.
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Likewise, Z(z) admits a partial fraction decomposition:

n ¢
Z(Z):ZZ_ZQ"
i=1 "

and again, it follows from the second item in Theorem 3.1 that ¢; > 0. Finally, by residue calculus, it

. Z”: vbibj

b
Py + 29,5

follows from Lemma 3.3 that

which proves the integral representation for Z(z).

3.3 Generalized Fourier transform and biorthogonality

Since ¢q,; are linearly independent we can decompose any f € L2[0,1] in the basis of {¢q,;} and use the

dual family {gb;;l} to compute the coefficients in the expansion:

( Zz’f)g

= Cai a,iy C’aizi
f ; 7¢7 ’ (az’d)a’t)

For each pair a,b for which (¢q;, ¢ ;)4 factorizes (item 3 in Theorem 3.1) we define two Hilbert spaces
H, := L*(R,da) and Hz := L%*(R,dS) where the measures da and dfB are chosen by splitting the
numerator of (¢q,i, ¥p,;)g followed by a unique choice of measures corresponding to the BVP of type a

and b associated to the respective Weyl functions with matching numerators.

Example 3.1. For types 00, item 8 in Theorem 3.1 and Definition 3.6 imply

Qg
A== 2 G s

For types 01, item 3 in Theorem 3.1 and Definition 3.6 imply
Po,i e P1,i
da = s ",
‘- Z¢z130z o Z¢£z1211 b

Furthermore, for every pair a,b specified above, we define a natural pairing between H, and Hg,

namely,

Definition 3.7.

ol = [ P20 o)),

We now introduce a family of generalized Fourier transforms adapted to each of the three types of
BVPs
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Definition 3.8. Given f € L2[0,1] and a = 0,1,2

fulz) == /¢ (652) F(€)g(€)de.

Remark 3.5. Observe that

and, in particular,
fa(zas) = (=1)"@% s g

whenever z equals to one of the points of the spectrum of (3-8).

(3-38)

Remark 3.6. A map of this type was introduced in the context of an inhomogeneous string problem by

LS. Kac and M.G. Krein in [16] as a generalization of the Fourier transform.

The main property of this map is captured in the following theorem.

Theorem 3.4. For every pair a,b for which (¢, ¢v.j)4 factorizes (item 3 in Theorem 3.1) the generalized

Fourier transforms satisfy Parseval’s identity, that is, for every f,h € Lg [0,1]

(fih)g = (falhs) = (hal fo).

(3-39)

Proof. Let us fix a,b for which (¢q,i, ¢ ;) factorizes. Consider two functions f,h € L2[0,1]. Writing

their expansions in the bases {¢q;}, {¢p,:} respectively, we obtain
¢(L Kx f (bb 7
f= Gaiy h=) L2
Z a7,7¢az @ Z ¢bj7¢b,j)

Hence their inner product reads:

*

(f7h)g_z(<ai,f>g Gigpho () o

az’¢al) (¢bj,¢b])

Applying now item 3 from Theorem 3.1 as well as item 2 from Lemma 3.1 we obtain

Type 00 < Z 0,0 [ )a (0,55 1)g de(1520,:)de (15 20,5)
¢-(1; 20,4 ¢z(1 20,5) Z0,i + 20, 7

Type()l Z 017 1j7 ) ¢£§(1§20,i)¢(1§21,j)
¢-(1;20, cﬁgz(l 21,5) 20, + 21,5 ’

27 5.5 15214 1; .
Type12 : Z Lirf)g (05509 dee(ls21,0)6( 22,3)7
bez(1521,0) deez (15 22,5) 21,4+ 22,5

Type 22 +( Z (03,05 f)g (95, h)g de(1520) (15 252)
bee (15 22,0) Pee=(1; 22,5) 294+ 22,5
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We now define the weights b;, a; generating the measures d8 = }_, B;d.,, da = >, A;d;

as residues of W's or Zs:

D¢ (15 20,) Pe(1; 20,5)
Type00: A; = ———=, Bj = —=—,
¢Z<1330,i) ! d)z(l? ZO,j)
Pee(1; 20,) (1521 5)
Type0l: A; = =12 Bj=———""=,
b 6.(1,20,4) ! b (15 21,5)
1 ; 1 ;
Typel2: A; = Pee(l, 21,4) ’Zl”), B, = _ ¢ z2y) ;
Pe=(1,21,4) bee=(1, 22,5)
1 ; 1 ;
Type22: A; = —7¢5( » 22,i) , B; = _7¢5< 22,)) ;
Gee=(1, 22,4) Pee=(1, 22,5)
and thus indeed
AZ‘BJ'

(fih)g =Y (=1)"5 4, F)g((=1)°¢ 5 h),g

i Za,i t 20,

Thus, in view of Remark 3.5, we obtain

(g = 3 ftens ) B[R g y4500) = i, )

Remark 3.7. Ezpanding an arbitrary f € L2 210, 1]

f § *a “ ¢a i
s Pa, z)
allows one to conclude that

6(575,) — Z ¢a z(g) o (f )

(M,%z)

%

plays a role of the Dirac delta on LE[O, 1].

Consequently, it is elementary to find the inverse Fourier transforms

respectively,

(3-40)

Lemma 3.4. Consider the BVP of type a. Let {zq} be the corresponding spectrum and let dvg =), 6z, ,

be an associated measure. Then the inverse generalized Fourier transform of type a is given by

a P p (b(ng) v (2
D [ 5 gy gy el

Proof. This is a direct computation:

e R . ¢(£,z) » _ 2 ¢a2(£)
].) /fa( )(¢;(.,Z)’¢( ))d a Zfa az ( a27¢az)

oy fail® el
Z(¢al’f) ( a17¢az) zi:((ba,zaf)g( [”’(z)(“)

/ Z ‘% Gai(€)F(€)g(€")de' = /O 5(E,€)F(E)g(E)de

18
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O

There are in general two measures associated with each type of the BVP, one generated by W the
other by Z. One can use either one of the them instead of the measure dv. We give as an example the
relevant statement for the the case of the BVP of type 2, both the degenerate as well as the nondegenerate

one.

Lemma 3.5. The inverse generalized Fourier transform of type 2 is given by

iy 9(&2)
f(z dp(z 3-42
REF (3-42)
Proof. From the definition of df given in Theorem 3.3 we see that

2oy (&2 ¢2z ¢2z €3) be(1,224) |
/f(Z)¢ (1;2 Zf 22.) e(1;22,4) Zf 22.4) ¢ (1; 221)(_¢§§z(1,22,z)) B

. ¢2,z'(§) _ ¢£(1722,i) _ ‘ ¢2,i(§)
Z(@’Z’f)géf’g(l;zzi)( ¢£Ez(1722,i) zi:(%’“f)g(d);,iaéf’z,i)g’

%

where in the last two steps we used Remark 3.5 and equation (3-30) respectively. Thus

[ / qu“ )93,(¢ f(f)g(&’)dé’-

¢2 17 ¢2 7
Finally, using equation (3-40) we obtain the claim. O

We now consider an example of generalized Fourier transforms relevant for the remainder of this

paper.

Example 3.2. Biorthogonal polynomials We consider a sequence x; := X(¢,_;—c.¢,_;+¢) 0f indicator
functions enclosing points §,_; with € small enough to ensure non overlapping supports. Consider now

the generalized Fourier transforms for a,b as in Theorem 3.4:
Xaj(@) = (1) (€ 0)mn—j,  Xoi(y) = (=1)° 05 (&3 y)mn—;.
Then, clearly, < Xa,i|Xo,; >=0, i # j. Also, both Xa,:(x) and Xs;(y) are polynomials in x, y respectively,

whose degrees are deg Xq,;(z) = deg Xp,;(y) = j by (3-12).

4 Total positivity of bimoment matrices

As one can see from previous sections, the kernel K(z,y) = x,y > 0, which we will refer to as the

1
z+y?
Cauchy kernel, plays a significant, albeit mysterious, role. We now turn to explaining the role of this

kernel. We recall, following [21], the definition of the totally positive kernel.
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Definition 4.1. A real function K(x,y) of two variables ranging over linearly ordered sets X and Y,

respectively, is said to be totally positive (TP) if for all

21 <2< < Ty, N<YP< <Yy T, €EX,y; €Y meN (4-1)
we have
K(Ihyl) K(l’l,yz) "'K(Ihym)
K(x2,y1) K(x2,y2) - K(x2,Ym)
det . . . >0 (4-2)

K(Imayl) K(xmvy2) c K(zmvym)

We will also use a discrete version of the same concept.

Definition 4.2. A matriz A := [a;j], 1,7 = 0,1,---n is said to be totally positive (TP) if all its minors
are strictly positive. A matriz A := [ai;], 1,5 = 0,1,---n is said to be totally nonnegative (TN) if all its
minors are nonnegative. A TN matriz A is said to be oscillatory if some positive integer power of A is
TP.

Since we will be working with matrices of infinite size we introduce a concept of the principal trunca-

tion.

Definition 4.3. A finite n + 1 by n + 1 matriz B := [b;;],4,j = 0,1,---n is said to be the principal
truncation of an infinite matriz A := [a;;], 4,5 = 0,1,--- if b;j = a;,,%,5 =0,1,---n. In such a case B
will be denoted An).

Finally,

Definition 4.4. An infinite matriz A := [a;5], 4,7 = 0,1,--- is said to be TP (TN) if Aln] is TP (TN)

for everyn =0,1,---.

Definition 4.5. Basic Setup
Let K(x,y) be a totally positive kernel on Ry x Ry and let da,df be two Stieltjes measures on

R, . We make two simplifying assumptions to avoid degenerate cases:
1. 0 is not an atom of either of the measures (i.e. {0} has zero measure).
2. a and 3 have infinitely many points of increase.
We furthermore assume:
3. the polynomials are dense in the corresponding Hilbert spaces H,, := L*(R4,do), Hg := L*(Ry,df3),

4. the map
KiHy = Ha  Ko(o)i= [ K(op)als)ds0) (43)

is bounded, injective and has a dense range in H,.
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Under these assumptions K provides a non-degenerate pairing between Hg and H,:

{alb) = // K(z,y)dadB, a€ H,,be Hp. (4-4)

Now, let us consider the matrix of generalized bimoments

Iy = / / Py K (z,y)da(z)dB(y) (4-5)

We have our preliminary result
Theorem 4.1. The semiinfinite matriz I is TP.

Proof. According to a theorem of Fekete, (see Chapter 2, Theorem 3.3 in [21] ), we only need to consider

minors of consecutive rows/columns. Writing out the determinant,
b._
ALY = det[Loqi b4 5lo<ij<n—1

we find

n

A?Lb //Hx y H -1 j lK xj,y])dna(X)d"ﬁ(Y):
GGS =1

// cx) e AX) [T T K () p;)d"ads.

j=1 j=1
Since our intervals are subsets of Ry we can absorb the powers of C(X),C(Y) into the measures to
simplify the notation. Moreover, the function S(X,Y) := H?Zl K(z;,y;) enjoys the following simple
property
S(X,Y,) =85(X,-1,Y)

for any o € S,,. Finally, the product measures d"a = d"a(X),d"s = d"S(Y) are clearly permutation
invariant.

Thus, without any loss of generality, we only need to show that

//A Hyﬂ 'S(X,Y)d"ad"s > 0,

which is tantamount to showing positivity for a = b = 0. First, we symmetrize D,, with respect to the
variables X; this produces

n

Dp =~ Z //A ) [[v) ' 9(Xo, YV)d"ad"8 = — = Z //A f—ls(X,le)d”ad"ﬂz

oES, j=1 oESy

ﬁ > // HyJ 18(X,Y)d"ad" g = %// AX)A(Y)S(X,Y)d"ad™ .

" oeS,
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Subsequent symmetrization over the Y variables does not change the value of the integral and we obtain
(after restoring the definition of S(X,Y))

n

D, = n| — >« //A( H (2, Yo, )d"ad" B =

oc€S, j=1

(n!)2 //A Y) det[K (i, y;)]i,j<nd"ad” 5.

Finally, since A(X)A(Y) det[K (x;,y;)]i j<nd"ad"F is permutation invariant, it suffices to integrate over
theregion 0 < z1 <x3 < -+ <2y X0 <y <yo < -+ <Yy, and, as a result

n — //<w1<w2< <x, A(X)A(Y) det[K(in, yj)]i,jgndnadnﬁ. (4—6)

0<y1<y2<-<¥Yn

Due to the total positivity of the kernel K(z,y) the integrand is a positive function of all variables and

so the integral must be strictly positive. O

To simplify future computations we define
(2] :== (1,2,22,...)T (4-7)
so that the matrix of generalized bimoments (4-5) is simply given by:

= ([a]lly]")- (4-8)

Observe that multiplying the measure da(x) by 2! or, multiplying d3(y) by #’, is tantamount to
multiplying I on the left, respectively on the right, by A?, respectively by (AT)7, which gives us a whole

family of bimoment matrices associated with the same K (x,y) but different measures. Thus we have
Corollary 4.1. For any nonnegative integers i,j the matriz of generalized bimoments A*1(AT)7 is TP.
We conclude this section with a few comments about the scope of Theorem 4.1.

Remark 4.1. Provided that the negative moments are well defined, the theorem then applies to the doubly

infinite matriz I; 5, 1,5 € Z.

Remark 4.2. If the intervals are R and K(x,y) = €™V then the proof above fails because we cannot
re-define the measures by multiplying by powers of the variables, since they become then signed measures,
so in general the matriz of bimoments is not totally positive. Nevertheless the proof above shows (with
a=0b=0 orab € 2Z) that the matriz of bimoments is positive definite and —in particular— the

biorthogonal polynomials always exist, which is known and proved in [14].
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4.1 Biorthogonal polynomials

Due to the total positivity of the matrix of bimoments in our setting, there exist uniquely defined two

sequences of monic polynomials

n(@)=z"+..., Guy)=y"+...

such that

// B (2)Gon (4) K (2, 9)dex(2)dB(y) = iy -

Standard considerations (Cramer’s Rule) show that they are provided by the following formulae

Io ... Ion
1 I(J() e I()n,1 1 . (.)O 0
Pn(2) = 7-det | : : Guly) = 35 det . : . : (4-9)
" InO e Inn—l xn n 71110 et ny—nln
Dn+1
hn = s 4-1
p, > @10

where D; > 0 by equation (4-6). For convenience we re-define the sequence in such a way that they are

also normalized (instead of monic), by dividing them by the square root of hy;

Ioo ... Ipn—1 1
-1 . . . i
pn(z) = N det : : : ’ (4-11)
InO N Inn,1 z"
IOO - IOn
() = L det | S 412
! (y) DnDn1 In—lO s In—ln ( )
1 e y"
We note also that the BOPs can be obtained by triangular transformations of [z], [y]
P =5z, a=25 (4-14)

where S),; are (formally) invertible lower triangular matrices such that S,*(S;*)"

recall, I is the generalized bimoment matrix. Moreover, our BOPs satisfy, by construction, the recursion

= I, where, we

relations:

ap;i(z) = Xi ip1pit1(x) + Xiipi(x) + - - X opo(2),
yqi(y) = Yiir1¢ir1(y) + Yiiqi(y) + - Yioqo(y),

which will be abbreviated as
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rp(z) = Xp(z) , yay)" =aly)Y", (4-15)
where X and Y are Hessenberg matrices with positive entries on the supradiagonal, and p(x) q(y) are in-

finite column vectors p(z)? = (po(x), p1 (), pa(a), ... )%, aly)” = (q0(v), @1 (1), @2 (y)s )7 respectively.
The biorthogonality can now be written as

(pla") =1. (4-16)

Moreover

(zpla") =X,  (plya") =Y" (4-17)

Remark 4.3. The significance of the last two formulas lies in the fact that the operator of multiplication
is no longer symmetric with respect to the pairing (e|e) and as a result the matrices X and YT are

distinct.

4.2 Simplicity of the zeroes
We recall the definition of a Chebyshev system. We refer to [22] and [23] for more information.

Definition 4.6. We call a system of continuous functions {u;(z)|i =0---n} defined on a subset U of R
a Chebyshev system of order n on U if any nontrivial linear combination > s aju;, > o a? # 0 has no

more than n zeros on U.
Another closely related concept is that of a Markov sequence (see [23], p.181).
Definition 4.7. A sequence of continuous functions
Ug, UL, U2, - - -

is a Markov sequence on U if for every n the functions {u;(z)|i = 0---n} form a Chebyshev system of

ordern on U.
The following theorem is a convenient restatement of Lemma 2 in [23], p.137.

Theorem 4.2. Given a system of continuous functions {u;(z)|i = 0---n} let us define the vector field

u(z) = : , xzeU. (4-18)
U ()

Then {u;(z)|i =0---n} is a Chebyshev system of order n on U iff the top exterior power

u(zo) Au(z1) A---u(zy,) #0 (4-19)
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forall zg < x1 < -+ < xy, in U. Furthermore, for {u;(x)|i =0---}, if we denote the truncation of u(x)
to the first n + 1 components by u,(z), then {u;(x)|i = 0---} is a Markov system iff the top exterior

power
u, (o) Aup(z1) A up(z,) #0 (4-20)

forallzg < z1 <---<xy inU and alln € N.
The following well known theorem is now immediate

Theorem 4.3. Suppose {u;(x)|i =0---n} is a Chebyshev system of order n on U, and suppose we are
giwven n distinct points x1,- - x, in U. Then, up to a multiplicative factor, the only generalized polynomial

P(z) = Y1 ajui(z), which vanishes precisely at xy,- -z, in U is given by
P(z) =u(z) Au(zy) A---ulay,) (4-21)

Theorem 4.4. Denote by u;(z) = [ K(z,y)y'dB(y), i =0---n. Then {u;(x)|i = 0---n} is a Chebyshev
system of order n on Ry. Moreover, P(z) as defined in Theorem 4.3 changes sign each time x passes

through any of the zeros ;.

Proof. 1t is instructive to look at the computation. Let zg < 21 < ---x,, then using multi-linearity of

the exterior product,
P(zo) = u(xo) Au(zy) A---ulx,) =
/K($07 yo) K (x1,91) - - K (€, yn)[Yoln A [1]n A= A [YnlndB(yo) - - - dB(yn) =
o [ QeI )oYV ) -+ 50 =
/ o det[K (x4, y;)]i j—0A(Y)dB(yo) - - - dB(yn),

where

[yln =1 |- (4-22)

Thus P(z) > 0. The rest of the proof is the argument about the sign of the integrand. To see how sign
changes we observe that the sign of P depends only on the ordering of x, z1, z2,- - - T, in view of the total
positivity of the kernel. In other words, the sign of P is sgn(w) where 7 is the permutation rearranging

T,x1,Ta, Ty iN in an increasing sequence. O

Corollary 4.2. Let {f;(z) := [ K(z,y)q:(y)dB(y),li = 0---}. Then {fi(z)|i = 0---n} is a Markov
sequence on R,

25



Proof. Indeed, Theorem 4.2 implies that the group GL(n+1) acts on the set of Chebyshev systems of order

n. It suffices now to observe that g; are obtained from {1,y,--- ,y"} by an invertible transformation. [
Remark 4.4. Observe that {f;(z)|i =0---n} is a Markov sequence regardless of biorthogonality.
Biorthogonality enters however in the main theorem

Theorem 4.5. The zeroes of py, g, are all simple and positive. They fall within the convex hull of the
support of the measure da (for p,’s) and df (for the ¢, ’s).

Proof. We give first a proof for p,. The theorem is trivial for n = 0. For 1 < n , let us suppose p,, has
r < n zeros of odd order in the convex full of supp(de). In full analogy with the classical case, 1 < r,

" [pu@)fata)date) = [[ pa@) . datz)as) o

by biorthogonality, forcing, in view of positivity of K(x,y), p,(x) to change sign in the convex hull
of supp(da). In the general case, denote the zeros by x1 < zg < ---z,. Using a Chebyshev system
fi(x),i =0,---r on R, we can construct a unique, up to a multiplicative constant, generalized polynomial

which vanishes exactly at those points, namely

R(z)=F(x) NF(z1) ANF(za) A+ AN Fa,) (4-23)
where
fo(z)
F(z) = f1($) , reR
fr(x)

It follows then directly from biorthogonaliy that
/pn(x)F(x) ANF(x1) AN F(x2) A--- A F(zy)da(x) =0 (4-24)

On the other hand, R(zx) is proportional to P(x) in Theorem 4.3 which, by Theorem 4.4, changes sign
at each of its zeroes, so the product p, (z)R(x) is nonzero and of fixed sign over Ry \ {1, 22, -, 2, }.
Consequently, the integral is nonzero, since « is assumed to have infinitely many points of increase. Thus,
in view of the contradiction, » > n, hence r = n, for p, is a polynomial of degree n. The case of ¢,
follows by observing that the adjoint K™ is also a TP kernel, and hence it suffices to switch a with 3

throughout the argument given above. O

Lemma 4.1. In the notation of Corollary 4.2 f,(x) has n zeros and n sign changes in the convex hull

of supp(de).
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Proof. Clearly, since {u;(z)|i = 0---n} is a Chebyshev system of order n on R, the number of zeros of

fn cannot be greater than n. Again, from

/ ful@)po(z)da(z) =

we conclude that f, changes sign at least once within the convex hull of supp(da). Let then z1 < zg <
-2, 1 <r < nbe all zeros of f,, within the convex hull of supp(da) at which f,, changes its sign. Thus,

on one hand,
/ H z)da(z) > 0, €=,

while, on the other hand, using biortogonality we get

/H )da(z) =0,  e=+,

which shows that r = n. O
In view of Theorem 4.3 the statement about the zeros of f,, has the following corollary
Corollary 4.3. Heine-like representation for f,
fu(x) = Cu(z) ANu(zr) Au(zs) - - Au(zy) (4-25)

where x; are the zeros of f,.

5 Cauchy BOPs

From now on we restrict our attention to the particular case of the totally positive kernel

1

K(z,y) = Tty

(5-1)

and we call this case “Cauchy kernel” and correspondingly “Cauchy BOPs” because of the appearance

of Cauchy matrices. Thus, from this point onward, we will be studying the general properties of BOPs

//pn am( (mfj( ) = (pulgm) - (5-2)

Until further notice, we do not assume anything about the relationship between the two measures da, dj3,

for the pairing

other than what is in the basic setup of Definition 4.5.
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5.1 Rank One Shift Condition

It follows immediately from equation (5-1) that
Lipr g+ g = (@ Hy?) + (@ ly?™) = /xida/yjdﬂ , (5-3)
which, with the help of the shift matrix A and the matrix of generalized bimoments I, can be written as:
AT +IAT = ap”,
a = (ap,a,...)T, = /a:jda(a:) >0,
B=(nbu ) 5= [8() >0

Moreover, by linearity and equation (4-17), we have

X+Y! =7mn", w::/pdou n:=/qdﬁ (5-4)

which connects the multiplication operators in H, and Hg. Before we elaborate on the nature of this

connection we need to clarify one aspect of equation (5-4).

Remark 5.1. One needs to exercise a great deal of caution using the matrix relation given by equation
(5-4). Its only rigorous meaning is in action on vectors with finitely many nonzero entries or, equivalently,

this equation holds for all principal truncations.
Proposition 5.1. The vectors w,n are strictly positive (have nonvanishing positive coefficients).

Proof. We prove the assertion only for 7, the one for 1 being obtained by interchanging the roles of da
and dg.

From the expressions (4-12) for p,(z) we immediately have

! Ino ... Ion-1 | ap
=1 ———det | : : S 5-5
g DnDnJrl ¢ ’ ’ ’ ( )
Lo ...

Innfl Qp

Since we know that D,, > 0 we need to prove the positivity of the other determinant. Determinants of
this type were studied in Lemma 4.10 in [9].

We nevertheless give a complete proof of positivity. First, we observe that

n+1 n n+1 n
To/Dnii Dy = /Hg; Jl‘i—o‘dﬂz

065““ Hj:l(xj + ;)

n n+1 n
/ Xn+1 H 13—04(16. (5-6)
e _1 (@ +y5)

28



Here the symbol X" is to remind that the vector consists of n 4 1 entries (whereas Y consists of n
entries) and that the Vandermonde determinant is taken accordingly. Note also that the variable x4
never appears in the product in the denominator. Symmetrizing the integral in the x;’s with respect to
labels j =1,...,n , but leaving z,41 fixed, gives

n+1 dn+1 dnﬂ
T/ Dps1 Dy = A(X! (V) em—— (5-7)

Hg (25 +y5)

Symmetrizing now with respect to the whole set z1,..., 2,41 we obtain
K(z1,y1) ... K(xpi1,y1)
1 : :
Tn\/Dpi1Dp = ——— / A(XTTHAY) det : : d"ad"s  (5-8)
" nl(n +1)! ! K(z1,yn) . K(@nii,yn)
1 e 1

Moreover, since the integrand is permutation invariant, it suffices to integrate over the region 0 <

T <xy < < Ty <Tpy1 X0 <y <y <--- < yy, and, as a result

T\ Dn+1Dn -

K(z1,y1) ... K(xpe1,m)
// AXTTHAY) det : : d"tad"s.
0<z1 <x2 < <Tp410<Y1 <Y2 <-<yYn K(x1,yn) . K(Xpi1,9n)
1 1

(5-9)

We thus need to prove that the determinant containing the Cauchy kernel ﬁ is positive for 0 < 1 <
To <+ < Zpprand 0 <y <yo < -+ < Y. It is not difficult to prove that

1 1
£ o Tnr1+y1
: : AXTTHAY
L I ; S A0 (5-10)
e | IBE I w)
1 - 1
and this function is clearly positive in the above range. O

5.2 Interlacing properties of the zeroes

From (4-8), (4-14) and 4-15 the following factorizations are valid for all principal truncations:

I=S5"(S; DT, X=8,A(S,)7", Y=S8,A5,".

Moreover, since I is TP, the triangular matrices S, ' and S; ' are totally nonnegative (TN) [24] and have
the same diagonal entries: the nth diagonal entry being \/m . Furthermore, one can amplify the
statement about S, and S, ! using another result of Cryer ([25]) which implies that both triangular
matrices are in fact triangular TP matrices (all notrivial in the sense defined in [25] minors are strictly

positive). This has the immediate consequence
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Lemma 5.1. All principal truncations X[n], Y[n] are invertible.

Proof. From the factorization X = S,A(S,)~! we conclude that it suffices to prove the claim for AS,; Hn]

which in matrix form reads:

(s,

Sfl ' Sfl ' o ‘szy)il)n«#l,n«#l
(Sy Dnv10 (S, nt1a (Sp Dn+in |

However, the determinant of this matrix is strictly positive, because S, Lis a triangular TP.

Remark 5.2. This lemma is not automatic, since A[n] is not invertible.
We now state the main theorem of this section.
Theorem 5.1. X and Y are TN.

Proof. We need to prove the theorem for every principal truncation. Let n > 0 be fixed. We will suppress
the dependence on n, for example X in the body of the proof means X[n| etc. First, we claim that X
and Y admit the L-U factorization: X = X_X;, Y = Y_Y, where A; denotes the upper triangular
factor and A_ is the unipotent lower triangular factor in the Gauss factorization of a matrix A. Indeed,
Xy = (AS; ")y, Yo = (AS; '), are upper triangular components of TN matrices AS, ! and AS; ! and
thus are totally nonnegative invertible bi-diagonal matrices by Lemma 5.1.

From X + YT = 7T we then obtain
YO X+ Y X' = (YD) 'w) (n"XL) = pu” .
We need to show that vectors p , p have positive entries. For this, notice that

p=((Y)) " Spa = (AS;H))T) ' Sper |
p= (X)) 75,8 = (((AS;1))")'5,8.

Now, it is easy to check that if the matrix of generalized bimoments I is replaced by IAT (see
Corollary 4.1 ) then S, — (((AS;1)4)")'S,, while @ is unchanged, which implies that p is a new 7 in
the notation of Proposition 5.1 and hence positive by the same Proposition. Likewise, considering the
matrix of generalized bimoments A, for which 8 is unchanged, S, — (((AS,')4)") 'S, and p is a new
7 in the notation of Proposition 5.1 implying the claim.

Thus

p=D,1,p=D,1,
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where D, , D,, are diagonal matrices with positive entries and 1 is a vector of 1s.
We have
—~1(yTy-1 -1 -1 ~1py-1 T
D> (Y1) XD, +D, Y_X_'D, =11 .

The first (resp. second) term on the left that we can call X (resp. Y7T) is a lower (resp. upper) triangular
matrix with positive diagonal entries . The equality above then implies that (i) Xij = f’ij =1 for all
t > j and (ii) X + Y, = 1 for all 4. In particular, both X;; and Y, are positive numbers strictly less
then 1.

This means that X, Y admits factorizations
X=0UId—A")"'Lx , Y=(Id-A")"'Ly ,

where - -
Lx = ZX’LZEZ’L + (1= X;i)Biz1 4, Ly = Zi}nEu +(1=Y)EBit1 5 -
i=0 1=0
Since all entries of bi-diagonal matrices Lx, Ly are positive, these matrices are totally nonnegative and
S0 are
X=YI(Id—A")"'"LyX;, Y=XT(Id-A")"'LyY, . (5-11)

O
Corollary 5.1. X and Y are oscillatory matrices.

Proof. We give a proof for X. The factorization (5-11) we have just obtained shows that X is the product
of an invertible lower-triangular TN matrix Y2 (Id — AT)~! and a tri-diagonal matrix J = LxX. Note
that Lx has all positive values on the main diagonal and the first sub-diagonal. Entries on the first super-
diagonal of X coincide with corresponding entries of X and thus are strictly positive by construction.
Moreover, leading principal minors of X are strictly positive (see the proof of Lemma 5.1), which implies
that all diagonal entries of X are strictly positive too. Thus J is a tri-diagonal matrix with all non-trivial
entries strictly positive.

Since diagonal entries of YI(I d — AT)~1 are strictly positive and all other entries are non-negative,
every zero entry of X implies that the corresponding entry of J is zero. In view of that all entries on
the first super- and sub-diagonals of X must be strictly positive, which, by a fundamental criterion of
Gantmacher and Krein (Theorem 10, IT, [23]), ensures that X is oscillatory.

O

Thus interlacing properties for zeros of polynomials p,,q,, as well as other properties of Sturm
sequences, follow then from Gantmacher-Krein theorems on spectral properties of oscillatory matrices
(see II, Theorem 13, in [23]). We summarize the most important properties implied by Gantmacher-

Krein theory.
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Theorem 5.2. The sequences of BOPs {q,} and {p,} are Sturm sequences. Moreover,
1. their respective zeros are positive and simple,
2. the roots of adjacent polynomials in the sequences are interlaced,

3. the following alternative representations of the biorthogonal polynomials hold

D,
pn(x) = det(z — X[n—1]), 1<n,
Dn+1
Dy,
an(y) = det(y —Y[n—1]), 1<n.
Dn+1

Remark 5.3. The fact that the roots are positive and simple follows indeed from the fact that X and Y
are oscillatory. Theorem (4.5), however, indicates that this property is true even for a more general case

when the totally positive kernel K (x,y) is not necessarily the Cauchy kernel.

6 Four-term recurrence relations and Christoffel Darboux iden-
tities

We establish in this section a basic form of recurrence relations and an analog of classical Christoffel-
Darboux identities satisfied by {¢,} and {p, }. First, we introduce the following notation for semi-infinite,

finite-band matrices.

Definition 6.1. Given two integers a < b , a semi-infinite matriz A is said to have the support in [a,b]
if
j—i<aorj—i>0bimply Aj;; =0 (6-1)
The set of all matrices with supports in [a,b] is denoted M, y).
The content of this section relies heavily on the relation (5-4) which we recall for convenience:

T T T
X+Y' =mn' =D:11" D,

where D;, D, respectively, are diagonal matrices of averages of p and q. Since the vector 1 is a null

vector of A — Id we obtain
Proposition 6.1. X and Y satisfy:
1. (A= Id)D'X + (A — Id)DYYT = 0.

2. A:= (A - Id)D;lx S M[—LQ]‘
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3. XD (AT — Id) + YT D; Y (AT — Id) = 0.

n

4. A=XD; AT — Id) € Mi_oy).

It is easy to check that the bordering (maximally away from the diagonal) elements in (A — Id)D,'X
and XD, (AT — Id) are nonzero. Thus

Corollary 6.1. p and q satisfy four-term recurrence relations.
Proof. We give the proof for p. Indeed, from
rp = Xp,

it follows that
z(A —Id)D;'p = (A — Id)D; ' Xp,

hence the claim, since (A — Id)D;* € Mgy and (A — Id)D;'X € M|_4 4. O
Theorem 6.1 (Christoffel-Darboux Identities for q and p). Let

._ -1 T . =1/ AT
L:=(A-Id)D_", L.—D77 (A" —Id)

respectively, denote the multipliers used in Proposition 6.1. Moreover, let us define

a(y) = L7'aly), plx) =L 'p().

Then
@0 Y W) =& @I LE - X)p) (6-20)
@+ Y api() =aT @I (- YT EB() (6-2b)

where 11 := 11, is the diagonal matriz diag(1,1,...,1,0,...) with n ones (the entries are labeled from 0

ton —1). The explicit form of the commutators is:

[H,L(.’L’ - X)} = _An72,nEn72,n - Anfl,n+1En71,n+1_

T
(An—l,n - ?)En—l,n - An,n—QEn,n—Q + An,n—lEn,n—h (6_3)

n

[H7 (y - YT)Z] = A\nfl,nEnfl,n - (i + ;{n,nfl)En,nfl_
n

~

A\n,n—QEn,n—Q - An+1,n—1En+1,n—17 (6_4)

where A, ;, Ai,j respectively, denote the (i, 7)th entries of A, 21\, occurring in Proposition 6.1.
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Proof. We give the proof of equation (6-2b). Since (y — Y)q = 0, it suffices to prove that the left hand
side equals q”TI(y — YT)Zﬁ(x) (From the definition of p and equation (4-15) we obtain

(z +y)a” (y)Ip(z) = 97 (y)MyLp(z) + a7 (y)[IXp(z) = g7 (y)yLp(z) + q7 (y) IXLp(z),

which, after switching XL with —Y7TL in view of Proposition 6.1, gives equation (6-2b). To get either
one of the commutator equations (6-3), (6-4), one needs to perform an elementary computation using, as

appropriate, the definitions of either A or A. O

Remark 6.1. The theory from this point onward could be developed using p, or using q. We choose to
work with P.

We establish now basic properties of p and its biorthogonal partner q defined below.

Proposition 6.2. The sequences of polynomials
p=L"'p, @' =d'L (6-5)
are characterized by the following properties

1. deggq, =n+1, degp, = n;

2/%w=m
// ,\ dadﬁ _s )
pn Qm x—i—y mn 5
~ _ 1 n41 n 1
4. qn(y) =V Dn; + +O( )

In addition

a. q and P satisfy the intertwining relations with q and p

yaT = _qTA\,
zp = Ap; (6-6)

b. q and p admit the determinantal representations:

IOO . I0n+1
n(y) ! det (6.7)
n = e 3
o 77n77n+1\/m Lo - In—1n41
50 e ﬂn+1
1 y”'H
Ioo e IOn 1
ﬁn(x) = Dn+1 det Inci0 -.. In_1in 1 (6—8)
I”O Inn z"
Bo .o Pn 0
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o [ [ <o,

Proof. Assertions (1), (2) and (4) follow directly from the shape of the matrix L. Assertion (3) follows
from (p,q’) = 1 by multiplying it by L on the right and by L1 on the left. Assertion (c) follows from
assertions (1), (2) and (3); indeed from (2) and (3), it follows that the polynomial p,, is biorthogonal
to all polynomials of degree < n with zero d3-average and {Bpy’ — 8; : 0 < j < n} is a basis for such
polynomials.
The intertwining relations follow from the definitions of the matrices E, A and of the polynomials p, q.
The determinantal expression for ¢, follows by inspection since the proposed expression has the

defining properties (1) and (2) and is biorthogonal to all powers 1,x,...,2" 1. The normalization is

found by comparing the leading coefficients of g, = gn+1+ O(y™). The determinantal expression for

77 141
Dn () follows again by inspection; indeed if F(x) is the determinant in (6-8) then

I()() I()n I()j
| s : 5
<F(,’L‘)‘y3> = det In—lO Ce In—ln In—lj = _ﬁanJrl = #(F(.’E”l) (6_9)
0
In() s Inn Inj

where the determinants are computed by expansion along the last row. The proportionality constant is

again found by comparison. O

One easily establishes a counterpart to Theorem 6.1 valid for q and p.

Proposition 6.3 (Christoffel-Darboux identities for q and p ). We have
(z+y Z )Bi(2) = a" (y)[(z = X)L, 1]p(x) = ¢ (9)[IL, (= — Y L](a)- (6-10)
=0

Remark 6.2. Observe that the commutators occurring in both theorems have identical structure; they only
differ in the variable y in Theorem 6.1 being now replaced by —x. We will denote by A(x) the commutator
[, (—z — YT)L] and by A, (z) its nontrivial 3 x 3 block. Thus the nontrivial block in Proposition 6.3

reads:

o~

0 0 | A1
An(l') = _An,n—2 nn+1A_ An,n—l 0 (6-11)
0 _AnJrl,nfl 0

while the block appearing in Theorem 6.1 is simply A, (—y).

With this notation in place we can present the Christoffel-Darboux identities in a unified way.
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Corollary 6.2 (Christoffel-Darboux identities for q,p, and q,p ). The biorthogonal polynomials q,p,
and q,p satisfy

(z +y) Z a;(»)pj(z) = a” (y)A(—y)p(2), (6-12)
@+ 9) S 505 ) = a" ()A@D@). (6-13)
7=0

7 Approximation problems and perfect duality

We will associate a chain of Markov functions with measures da and df. These are defined as Stieltjes’
transforms of the corresponding measures. They are abstract analogs of Weyl functions discussed in

earlier sections (see Definition 3.6).

Definition 7.1. Define

Ws(2) =/

). wm<z>—/zixda<x>,

// @) Wae ) = [ e, ()

We recall now an important notion of a Nikishin system associated with two measures (see [22], p
142, called there a MT system of order 2).

Definition 7.2. Given two measures duy and dus with disjoint supports A1, As respectively, a Nikishin

system of order 2 is a pair of functions

h(z) = /A dpn (1) (7-2)

zZ— I
fle) - [ ) [odel) (3)

Remark 7.1. The definition of a Nikishin system depends on the order in which one ”folds” measures.
If one starts from dus , rather than du; one obtains a priory a different system. As we show below
the relation between these two Nikishin systems is in fact of central importance to the theory we are

developing.
The following elementary observation provides the proper framework for our discussion.

Lemma 7.1. Let da* denote the measure obtained from da by reflecting the support of da with respect
to the origin. Then Wg, Wga+ and Wo~, W5 are Nikishin systems associated with measures d and do*

with no predetermined ordering of measures.
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The relation between these two Nikishin systems can now be readily obtained.

Lemma 7.2.
Wi(2)War(2) = Waa (2) + Warp(2). (7-4)
Proof. Elementary computation gives:

1 1 1 1
WaleWar () = [ msisdal@st) = [[ s [ = 5 lde@ds)

which implies the claim. 0

Remark 7.2. Equation (7-4) was introduced in [9] for the DP peakons (see Lemma 4.7 there). This
equation represents a generalization of the formula in Lemma 3.3 of the present paper. Observe that this

formula is valid for any Nikishin system of order 2.
We formulate now the main approximation problem, modeled after that of [9].

Definition 7.3. Let n > 1. Given two Nikishin systems Wg, W~ and Wes, Woxg we seek polyno-
mials Q(z),degQ) = n, Ps(z),degPs = n — 1 and Ppa-(2),degPgo~ = n — 1, which satisfy Padé-like

approzimation conditions as z — 00, z € Cy:

Q) Ws(2) - Pa(2) = O(2), (7-50)
Q) Woee (2) = Paa-(2) = O(2), (7-5b)
Q) Waes(2) = Pa(2)Wae () + Paa- () = O ) (7-5¢)

Remark 7.3. In the case that both measures have compact support we can remove the condition that

z € Cy since all the functions involved are then holomorphic around z = co.

Remark 7.4. In the terminology used, for example in [26], the triplets of polynomials Q, P, Pao- provide
a Hermite-Padé approximation of type I to the Nikishin system Wg, Wao+ and, simultaneously, a Hermite-
Padé approximation of type II to the Nikishin system Wox, Wo=g3.

Definition 7.4. We call the right hand sides of approximation problems (7-5) Rg, Rga~ and Rq+p re-

spectively, referring to them as remainders.

The relation of the approximation problem (7-5) to the theory of biorthogonal polynomials q and p

is the subject of the next theorem.
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Theorem 7.1. Let q,(y) be defined as in (4-12), and let us set Q(z) = qn(2) Then Q(z) is the unique,
up to a multiplicative constant, solution of the approximation problem (7-5). Moreover, Pg, Pgo+ and all

the remainders Rg, Rgo+ and Ry«g are um’quely determined from Q with the help of the formulas:

= [ L=y, (7-62)

P () = [ 2220 datayast) (7-60)

) = / Ldﬁ(% (7-6¢)

Rooe () = [ = Hy)da(x)dﬁ(y), (1-60)

_ // mda(m)dﬁ(y) - [ 5 ”; da*(z). (7-6¢)

Proof. We start with the first approximation problem involving Q(z)Wp3(z). Writing explicitly its first
0= [ S0l S

Since wdﬁ y) is a polynomlal in z of degree n — 1, while @dﬁ y) = O(2), we get the
z—y 2=y

z

term we get:

first and the third formulas. The second and fourth formulas are obtained in an analogous way from the
second approximation problem. Furthermore, to get the last formula we compute Pz and Pg,+ from the
first two approximation problems and substitute into the third approximation problem, using on the way
Lemma 7.2, to obtain:

RgWor — Rgo+ = Ro~g3.

Substituting explicit formulas for Rg and Rgq~ gives the final formula. To see that Q(z) is proportional

to gn(z) we rewrite —Rq+g in the following way:

// z+§(y:c)+y) // (@+y) L+x 1_;;(;)) }da(x)dﬁ(ywr
//Z ZI Tt x+y((yz+a: adf = // T+ ) [24-)3;] //Z T (z ((yz)+x)dad5

To finish the argument we observe that the first term is already O(-7), hence the second term must

//xQ 2)dB(y) =0, 0<j<n-—1,

which characterizes uniquely (up to a multiplicative constant) the polynomial g,. O

vanish. This gives:

Remark 7.5. In the body of the proof we used an equivalent form of the third approrimation condition,

namely
1
RsWa-(2) = Rpa-(2) = Ra5(2) = O( 7). (7-7)
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By symmetry, we can consider the Nikishin systems associated with measures o and $* with the
corresponding Markov functions We,, Weg- and Wg-, Wg«,. We then have an obvious interpretation of

the polynomials p,,.

Theorem 7.2. Let p,(z) be defined as in (4-12), and let us set Q(z) = pn(z). Then Q(z) is the unique,

up to a multiplicative constant, solution of the approximation problem for z — oo,z € CL:

QEIWalz) ~ Palz) = O(2), (7-82)
Q)W () — Pag-(2) = O(2), (7-8h)
QEIWa-al2) = Pale) Wy (2) + Pag- () = O i), (7-8¢)

where Py, Pog~ are given by formulas of Theorem 7.1 after switching o with (3.

Clearly, one does not need to go to four different types of Nikishin systems in order to characterize
gn and p,. The following corollary is an alternative characterization of biorthogonal polynomials which

uses only the first pair of Nikishin systems.

Corollary 7.1. Consider the Nikishin systems Wg, Wgq+ and Wox, Wo=3. Then the pair of biorthogonal

polynomials {qn,pn} solves:

1. Q(2) = gn(z) solves Hermite-Padé approximations given by equations (7-5),

QE)Ws(=) ~ Pa) = O(3),
Qa)Wia-(2) = Paa- () = O(3)
1

Q(2)Warp(2) — P3(2)War (2) + Ppar (2) = O(

zn+1)

2. Q(z) = pn(—2) solves switched (Type I with Type II) Hermite-Padé approzimations

Q)W (2) — Par () = O(2), (7-10a)
Q) Warp(2) — Pas(z) = O(2), (7-10)
Q)W (2) = Pa(2)Ws(2) + Pari(2) = O ) (7-100)

We finish this section with a few results which pave the way to the Riemann-Hilbert problem approach

to biortogonal polynomials {g,,p,} which will be presented in the next section.

Definition 7.5. We define the auziliary vectors in addition to the main polynomial vectors q,(w) = q(w)

and p,(z) == p(z), as



a.w) = [ 20 (m) (r1)
p,(2) ::/W’ (7-12)
p.() = [ 2 Wag ), (7-13)
Moreover,
B.(2) = L (p,(2) + - (pI) = L 7'p, ()~ 1. (7-14)
Ba(e) = [ 2 agey) (715)

Here 1 is the vector of ones..

Remark 7.6. Note that the definition above unifies the approximants and their respective remainders
(see Theorem 7.1), thus, for example, q,(w) = Rg(w), q,(w) = Ro-g(w) etc. The definition of “hatted”

quantities is justified below.

Theorem 7.3 (Extended Christoffel-Darboux Identities). Let a,b=0,...2. Then

(w+ 2)q] (w)p, (2) = @’ (w)A(—w)P, (2) — F(w, 2)as (7-16)
where
0 0 1
F(w,z) = |0 1 W+ (2) + Wa(w) . (7-17)
1 Wa(z) + War(w) War(w)Wp-(2) + Warg(w) + Wa-a(2)

Proof. The proof goes by repeated applications of the Christoffel-Darboux Identities given by Theorem
6.1 and Pade approximation conditions 7-5. We observe that all quantities with labels a = 1,2 have
asymptotic expansions around oo in the open half-planes C. (they are holomorphic expansions in the
case of compactly supported measures da,d3). We will subsequently call the part of the expansion
corresponding to negative powers of z or w, of a function f(z,w) the regular part of f and denote it
(f(z,w))_ ., (f(z,w))_,, respectively. In all cases the regular parts are obtained by subtracting certain
polynomial expressions from functions holomorphic in C1 and as such the regular parts are holomorphic
in these half-planes with vanishing limits at co approach from within the respective half-planes.

We the indicate the main steps in computations for each entry, denoted below by (a,b).
(0,1):

With the help of the first approximation condition, we have

of (w)TIpo(z) = ( / qOT(“HpO(”)dﬂ(y))

w—=y

—,w

4The formula ﬁgl < Pn,1 >= —1 follows directly from the determinantal expression in Proposition 6.2
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Using the Christoffel-Darboux Identities and the notation of Corollary 6.2 we get

- _ ([ a0 (w)A=w)Po(z) | -
ql(w)ﬂpo(z)—(/ (wtw—y) TV )>_,w_

)
ol (1)A(—w)Pol2) (a (w) — q (4))A(—w)Po2)
| R s + (/ @+ 2)(w—7) dﬁ(y)) ’

where we dropped the projection sign in the first term because A(—w) is a polynomial of degree one.

—,w

Using now the partial fraction decomposition

1 1 ( 1 1 )
(wt+z)(w-y) z+y\w-y w+z)’

we get that

(ad (w) — af (¥))A(~w)Po(2) | [ @l (=2) — af W)L, (== = YT)L]po(2)
(/ (w+2)(w—vy) dﬁ(y)) B </ (w+2)(z+v) dﬁ(y)) o

—,w
s

~

Observe that (—Z—YT)EﬁO(Z) =0, qOT(—z)(—z—YT)Z =0and qg(y)(—z—YT)Z = —(y+2)qd (y)L

SO

(af (1) — G (1) A(—0)Bol2) ([ @)+ Y Ep(:) _
([ et (y)>_,w - (/ wraGry O ‘”)w -

/ 96 W) E0Bo(2) 451 _

w—+z

because the [ averages of q are zero. Thus

(w + 2)af (w)IIpo(2) = qf (w)A(=w)Bo(2).

(2,0):
Using the second Pade approximation condition and biorthogonality we easily obtain
R, (w)A(~w)Po(z) +1

RY,.- ()Ipo(2) = o 7

Now, substituting this formula into the formula for the third approximation condition, written as in

equation (7-7), gives:
R 5(w)A(~w)po(z) — 1
w+ 2z '

R 5 (w)TTpo(z) =

Restoring the collective notation of qq, p, we obtain :

(w+ z)qg(w)ﬂpo(z) = qg(w)A(—w)f)o(z) —1.

(0,1):
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To compute gi (w)IIp;(z) we use the Padé approximation conditions 7-8, in particular the first con-
dition gives us:
q (w)IIpo (2)Wa (2) — qg (w)IIPa(2) = qf (w)[IRa(2).
We observe that this time we have to project on the negative powers of z. Thus the goal is to compute
(qOT(w)HpO(z)Wa(z))_,z. We have

(/ qu(w)fip_o(;)da(x)> - (/ qOT(w()Zf-\XE—g()SoJ(FZz;ia(x)>’Z _

)

( / q%(lU()ﬁE;;}()SofEO&(ﬁ))_ z n ( / qg(w)A((’L;J)_(ﬁ;)((i)JJFE;)(I))da(I))

’ R

We see that the first term is already regular in z. To treat the second term we perform the partial fraction
1 1

1 _ 1 [
(z—z)(w+2) — wtzlz—z w2z
the second term

_ (/ qf (w)A(— - w)(Po )((zw Jrﬁz(;(x))da(w)) = (/ qg(w)A(—QEJ;(iog(ﬁ)—(?;Zf))o(w))da(w))
af

expansion ] and observe that the term with —— does not contribute, while

—,z

z)

/ qg (w)A(=w)po (= )
(w+z)(w + 2)
Thus ., . ] -

In other words,

~

(w + 2)ag (w)IIp1(2) = qf (w)A(-w)L™} (p1(2) = pr(-w)).

More explicitly, the second term above can be rewritten as

~

7 (w)A(—w)L " py (~w) = qf (w)1I / p(z)da(z).

R e e

af (w)TI / p(x)daz) + of (w // w = yﬂO“ y())dﬂ(y)

Now the second term qf (w Hﬂ L y)%(oxzdfg)dﬁ(y) = 0 because qf (w)II(p(x)|e) is a projector on poly-

nomials of degree < n — 1 and thus wqd (w)I{p(z)|1) — qf (w){p(z)|y) = w —w = 0, hence

On the other hand

(w + 2)qg (w)IIp1(2) = qf (w)A(~w)P1(2),

where py(z) = L~ (p, (2) + %<p|1>) as advertised earlier.
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(1,1):
We use again the Pade approximation conditions 7-8, this time multiplying on the left by q7 (w)II

and projecting on the negative powers of z , to obtain:

(af (w)IIpo(2)Wa(2)) _ , = ai (w)Ips(2).

\Z
With the help of the result for the (0,1) entry, after carrying out the projection, we obtain

Pla)da(z) 1

(w-+ 2)a ()P (2) = o (WA 01 () + af () [ PO

).

We claim that

w+ T Bo
Indeed, the left hand side of the equation equals:

%q’{(w)n/‘/ (y - w)p(x)da(x)dﬁ(w _ i / qg(&) H((p\y} _ w(p|1))dﬁ(§) —

Tty Bo) w—¢
1 [E-w

BoJ w—¢§

af (i) ([P - Zpm) = -1,

dp(¢) = ~1L.

Thus
(w+ 2)qf (w)Ip1(2) = ai (w)A(—w)p1(2) — 1.
(2,1):
This time we use projections in both variables, one at a time, and compare the results. First, let us
use the projections in z. Thus
a3 (w)IIpi (2) = (ag (w)po(2)Wa(2)) _ . -

Carrying out all the projections we obtain an expression of the form:

T(w)A(—w)p1(z (2 w
o i) = BACI) _ Walo)+ Flw)

Observe that, since q3 (w) is O(1/w) and the first term on the right is much smaller, F(w) = O(1). More
precisely, by comparing the terms at 1/w on both sides, we conclude that in fact, F(w) = O(1/w). Now,

we turn to the projection in w, resulting in an expression of the form:
a3 (WA(—w)P1(2)  Wa-(w) + G(2)
w+ 2z w+ 2z '

This, and the fact that F(w) = O(1/w), implies that F(w) = Wy~ (w), G(z) = W,(z). Hence

q; (w)lpy(2) =

(w + 2)az (w)IIp1(2) = a3 (W)A(=w)B1(2) — (Wa(2) + Wax (w)).
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(0,2):
We use the projection in the z variable and the fact that by the Pade approximation condition (7-7),
after exchanging o with 3, pa2(z) = p1(2)Wp-(2) — Rap+(2). Using the result for the (0,1) entry we

obtain:
q (w)IIpa(2) =

qg (w)A(—w)p1(2)Wp-(2) (qu(w)A(—w)po(Z)Wam (Z)> .
w—+z w+z .

s

Carrying out the projection and reassembling terms according to the definition of pa(z) we obtain:

qg (W)A(—w)Pa(2)  q (w)(poll) _ qf (w)A(—w)Pa(2) 1

% (10)TTpa() = w4z a w+ z B w+ z S w+z
(1,2):
We use the projection in the z variable and the Padeé approximation condition pa(z) = p1(2)Wg«(2) —
Ros-(2).
Consequently,

qi (w)Ipa(2) = qf (w)IIp1(2)Wp-(2) — qf (w)[TRp-(2) =

T (w)A(—w)p1(2) —
<%<>A2+T<> 1)W%&)@ﬂwnma@waww»ﬁ,

Using the existing identities and carrying out the projection in the second term we obtain:
(w + 2)ai (w)IIp2(2) = qf (w)A(~w)Pa(2) — Wp- (2) — Wp(w).

(2,2):
The computation is similar to the one for (1,2) entry; we use both projections. The projection in the

z variable gives:

a3 (w)A(—w)P2(2) 4 F@w) = War(w) + Wa(2))Wp- (2) + Wag- (2)

w+z w+z

q; (w)Ipy(z) =

On the other hand, carrying out the projection in the w variable we obtain:

_ a3 (w)A(=w)Pa(2) L G&) = Wa(w) + Wp- (2))War (w) + Waar (w)

T
w)IIpa(z
a5 (1)Tps ) o .
Upon comparing the two expressions and using Lemma 7.2 we obtain F(w) = —W,-g(w), hence

(w+ 2)q; (w)Ipa(2) = a (w)A(=w)P2(2) = Wasp(w) — (War (w) + Wa(2))Wp- (2) + Wap- (2) =
a3 (w)[IL, A(=w)[P2(2) — (War (w)Wp- (2) + Wasp(w) + Wp-a(2)),

where in the last step we used again Lemma 7.2. O
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We point out that if we set w = —z in the CDI’s contained in Theorem 7.3, the left hand side
vanishes identically and the RHS contains terms of the form q,(—z)A(2)p,(z) minus Fyp(—2,2). The
main observation is that the second term is constant, independent of both z and n, and hence one ends
up with the perfect pairing (see [15]) between the auxiliary vectors. For the reader’s convenience we

recall the definition of A(2) to emphasize the implicit dependence on the index n hidden in the projection
II.

Theorem 7.4. (Perfect Duality)

Let
0 0 1
J=10 1 0
1 00
Then
! (=2)A(2)B, (2) = Jas,
where
A(z) = [(z = X)L, 0.
Proof. The only nontrivial entry to check is (2,2). In this case, after one substitutes w = —z into
W (w)Was(2) + Warg(w) + Wg+o(2), one obtains the identity of Lemma 7.2. O

There also exists an analog of the extended Christoffel-Darboux identities of Theorem 7.3 for the
“hatted” quantities.
We first define:

Definition 7.6. Fora=0,1,2,
a7 :=q"L. (7-18)

The following identities follow directly from the respective definitions.

Lemma 7.3.

T q?;(w)YTE, a=0,1
wqa (w) = T TT T —
dz (w)Y* L - (1]qy ), a=2.
0, b=0,
(2= X)Lpy(2) = { (o=t b=1,

—(po|1) + W) g,

Theorem 7.5 (Extended Christoffel-Darboux Identities). Let a,b=0,...2. Then

~

(w + 2)dg (w)IIPs(2) = a (w)A(2)By(2) — F(w, 2)ay (7-19)
where
=R W+ 2 0 1 Wg* (Z)
F(w,z) =F(w, z) — 0 Ws(z) Wa(w)Wg«(2) | . (7-20)
O 1 Warps(w) Wosge (w)Wp-(2)
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Proof. We give an outline of the proof. For a = 0,1, in view of Lemma 7.3

~

(w + 2)Gg (w)IPy(2) = ag (w)A(2)By(2) + g (w)II(z — X)LPy(2).
The second term equals, again by Lemma 7.3,

0, b=0,

an(w)H <po\;0+y> , b=1,

—(po|1) + {2 g

)

Now, one goes case by case, using biorthogonality of q} and pg, and the definition of qF (w). After a
few elementary steps one arrives at the claimed result. The computation for a = 2 is only slightly more

involved. From Lemma 7.3 we obtain:

~

(w + 2)@3 (w)IBy(2) = ag (w)A(2)By(2) — (1[do)IIPs(2) + a3 (w)II(2 — X)Ly (2)-

In view of biorthogonality of ' and P, after some intermediate computations, one obtains:

1, b =
(1[60)TIPs(2) = { Wal(2) + 42, b=1,
Woral2) + 2 Wse(2),  b=2
Likewise,
0, =0
qZ (w)(z — X)Eﬁb(z) = wﬁtZWa*g(w) — W (w) + <1ﬁ|01>’ b=1,

and the claim follows.

8 Riemann—Hilbert problems

In this section we set up two Riemann—Hilbert problems characterizing the Cauchy BOPs that enter the
Christoffel-Darboux identities of the previous section. This is done in anticipation of possible applications
to the study of universality for the corresponding two—matrix model. Moreover, since the Christoffel—
Darboux kernels contain also the hatted polynomials, it is useful to formulate the Riemann-Hilbert
problems for those polynomials as well.

We will also make the assumption (confined to this section) that the measures do, d3 are absolutely

continuous with respect to Lebesgue’s measure on the respective axes. Thus one can write

da U@ dg )

— = = -1
Do, Lo (3-1)
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for the respective (positive!) densities on the respective supports: the signs in the exponents are conven-
tional so as to have (in the case of an unbounded support) the potentials U,V bounded from below. The
constant A is only for convenience when studying the asymptotics of biorthogonal polynomials for large
degrees (small k).

Since the Christoffel-Darboux identities involve the expressions q, Ap,, we are naturally led to char-
acterize the sequences q and p. However, the other sequences can be characterized in a similar manner

by swapping the roles of the relevant measures and symbols.

8.1 Riemann—Hilbert problem for the qg—BOPs

We will be describing here only the RHP characterizing the polynomials ¢, (y), where the characterization
of the polynomials p,(z) is obtained by simply interchanging o with 3 (see for example Theorem 7.2).

We consider the real axis R oriented as usual and define

() Qn72(u0
Gy (W)= | qn-1(w) | ,
gn(w)

Q)= [

w—y’
—(n (n da*(z
Q) = [ S

w—x

(8-2)

For simplicity of notation we will suppress the superscript (™) in most of the following discussions, only
to restore it when necessary for clarity; the main point is that an arrow on top of the corresponding
vector will denote a “window” of three consecutive entries of either the ordinary vector q (index a = 0),
or the auxiliary vectors q, (index a = 1,2, see Def. 7.5) which, as we might recall at this point, combine

the polynomials and the corresponding remainders in the Hermite-Padé approximation problem given by

Theorem 7.1. Some simple observations are in order;

e the vector g, (w) is an analytic vector which has a jump-discontinuity on the support of d3 contained

in the positive real axis. As w — oo (away from the support of dfF) it decays as % Its jump-

discontinuity is (using Plemelj formula)

d,(w), = d,(w) —2mi G, () , w e supp(dB) (33)

Looking at the leading term at w = co we see that
Tn—2

d,(w) = [mr | ++O0/u?) ()
U
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e The vector g, (w) is also analytic with a jump discontinuity on the reflected support of da (i.e.
on supp(da*)). In view of Theorem 7.1, recalling that qo are remainders of the Hermite-Pade

approximation problem of type II, we easily see that

- Cho A
(FuwyT
. Cn—1
@)= | o | 0+00/w)
Cn
L (—w)™+t
L n o Dn+1
en = (2"|qn) = D, > 0. (8-5)
The jump-discontinuity of g, is
~ _ da™ .
4, (w)+ =g, (w)- — 27”@(11 (w) w e Supp(da )- (8'6)
e The behavior of ¢, (w) at infinity is
- wn72 -
Cp—2
_ w !
q,(w) = p (1+0(1/w)), (8-7)
n—1
wt
L ¢, 4
with the same ¢,,’s as in 8-5.
Define the matrix
=N,
1 —Cnln 0 0 (1) Cn
I(w) := |0 1 0 0w 0 E" (w), @™ (w), ™ (w)] (8-8)
0 (71)77.71 70771—2 1 (=" 0 0
n—2 Cn—2

Proposition 8.1. The matriz T'(w) is analytic on C\ (supp(df) U supp(da*). Moreover, it satisfies the

Jump conditions

(1 —2midl o
MNw)y =T(w)- | 0 1 01, w € supp(df) C Ry
0 0 1 o)
10 0
MNw)y =T(w)—_ | 0 1 72771‘% , w € supp(da™) C R_
0 0 1

48



and its asymptotic behavior at w = oo is

w0
Fw)=1+0w™")| 0 w' 0 (8-10)
0 0 w
Moreover, T'(w) can be written as:
Enlln (1) 0 -1 Q@in-1 G2n-1
F(UJ) = 0 Mn—1 7LE)1 dn—-1 {q1n-1 q27n—1 . (8-11)
0 0 % n—2 Qn-2 G2

Proof. All the properties listed are obtained from elementary matrix computations.
O

Remark 8.1. An analogous problem with the réles of «, 3, etc., interchanged, characterizes the monic

orthogonal polynomials p,_1(x) of degree n — 1 in z.

Corollary 8.1. Givenn € N, the absolutely continuous measures d3 C Ry and da* C R_, and assuming
the existence of all the bimomoments I;; there exists a unique matriz I'(w) solving the RHP specified by
equations (8-9), (8-10). The solution characterizes uniquely the polynomials gn,—1 as well as Gn—1. In
particular, the normalization constants c,—1,Mn—1 (i-e. the “norm” of the monic orthogonal polynomials

and the B average of the q,—1) are read off the following expansions

1
Top(w) = ————w" '+ O(w"?) (8-12)
Cn—1Tn—-1
Cp—1 —n—1
Fos(w)=(-1)"———4+0(w™" 8-13
2,3(w) = (—1) —— ( ) (8-13)
or, equivalently,
1 n 1.
7727 =(—1)" lim wl'y;(w)ls3(w),
’”_1 w—00
(8-14)
r
A_ = (=1)" lim w?! 2.3(w)

w00 o1 (w)

Proof. Given df and da* it suffices to construct the Nikishin systems Wy, Waq+ and W+, W« g followed
by solving the Hermite-Padé approximation problems given by equations (7-5). The existence of the
solution is ensured by the existence of all bimoments I;; (see equation (4-5) for the definition). Then
one constructs the polynomials g;, finally the matrix I'(w) using equation (8-11). By construction I'(w)
satisfies the Riemann-Hilbert factorization problem specified by equations (8-9) and (8-10). Since the
determinant of I'(w) is constant in w (and equal to one), the solution of the Riemann—Hilbert problem

is unique. The formulas for 7,,—1 and ¢,_; follow by elementary matrix computations. O
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8.1.1 A Riemann—Hilbert problem with constant jumps

Let us recall that

do _ —tv

da _ A6 _ _1v(y
dz ’

, « € supp(da) T e y € supp(df). (8-15)

In order to modify the RHP into one with constant jumps we make the (restrictive) assumption (only for
this subsection) that the potentials can be extended to analytic functions off the real axis. An example

is if U(x), V(y) are real-analytic functions. The matrix

exp (—%#) 0 0
Y(w) := D(w) 0 exp (V;g) 0 (8-16)
0 0 exp <2U;;V)

solves a similar RH problem but with constant jump-discontinuity (and still with unit determinant);
hence one can conclude immediately that it solves a linear ODE in the complex plane (or in the maximal
domain of meromorphicity of U, V). The detailed singularity structure of this ODE depends on the
analyticity properties of the potentials but the issue is of no relevance for the moment. For similar
situation in the ordinary OP case see [27].

This new RHP exhibits the following jumps

1 —2m O
Yi(w)=Y_(w) |0 1 0 , w e supp(dp)
0 1

0
1 0 0
Yi(w)=Y_(w) [0 1 —27ri] w € supp(da’™) (8-17)
0 0 1

Remark 8.2. Since the jumps are constants it follows straightforwardly that Y(w) solves a linear ODE
with the same singularities as V', U*'; for example if U', V' are rational functions then so is the coefficient
matriz of the ODE and the orders of poles do not exceed those of V', U’. It would be possible to express
this ODE directly in terms of the coefficients of the recurrence relations using methods already exploited in
[28, 29, 30, 15]; such expressions should be used in proving that the principal minors D,, of the matriz of
bimoments I;; are also isomonodromic tau-functions in the sense of Jimbo-Miwa—Ueno [31]. In a certain
sense this is to be expected a priori because the vanishing of the isomonodromic tau function characterizes
the non-solvability of the Riemann—Hilbert problem, i.e. the (non)-existence of the BOPs, exactly as the

principal minors of I do.

8.2 Riemann—Hilbert problem for the p—BOPs

Referring to the defining properties of p,,(z) as indicated in Prop. 6.2 we are going to define a second
3 x 3 local RHP that characterizes them.
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Define

. ﬁn—Q(z)
Po(z) := | Pn-1(2) (8-18)
Pn(2)

and 5172(2) as the same windows of the auxiliary vectors py2 introduced in Definition 7.5. We first

study the large z asymptotic behavior of Py ,,(2), P1,n(2), D2.n(2).

Lemma 8.1. The asymptotic behavior at z — 00,z € Cy is given by:

Pon() = =222 (14 O(1/2)), (8-19)

Pin(2) =—-1+0(1/2), (8-20)

- e

Bon(2) = (1) %’ﬁ“u +0(1/2)). (8-21)
Proof. We give a proof for py ,(z) = [ 2 Po.n (m) da(z) + 5 (Do,n|1). The first term is O(2), while the second

term can be computed using blorthogonahty and the fact that po.n, = —(MnPo,n +Mm—1P0.n—1+" - +10D0,0)-
Thus the second term equals 76—<p0 ol1) = —1, since 19 = gofo, hence the claim for p; ,,(z) follows. The

remaining statements are proved in a similar manner. O

For reasons of normalization, and in full analogy with equation (8-8), we arrange the window of all

Ps wave vectors into the matrix

::Nf)
R 0 0 —= 1 -1t 0] .
Pey=| 0 =1 0 1o 1 0/|[B(5:(:)8:2)] - (8-22)
' 0 -1 1

Cn—1Mn—1

Proposition 8.2. The matriz I'(z) is analytic in C \ supp(da) U supp(dB*). Moreover, it satisfies the

Jump conditions

R R (1 —2mid2 0
L(z)y =T(z)_| 0 1 0|, zé€supp(da) SR
= 0 ! 8-23
~ 1o 0 (8-23)
T(z)y =T()- | 0 1 —2mi% | | z€supp(dB*) CR_,
| 0 0 1
and its asymptotic behavior at z = 0o s
R 1 2" 0
I(z) = (1 +0 ()) 0 1 0 (8-24)
“ 0o 0 L
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[(2) can be written as:

Cn 0 0 Po,n Pin P2.n
Fe =2 (7?)71 Don—1 DPln—1 P2n-1] - (8-25)
0 0 e d Pon—1 Pin-1 P2n-1

The existence and uniqueness of the solution of the Riemann-Hilbert problem (8-23), (8-24) is proved

in a similar way to the proof of Corollary 8.1.

Corollary 8.2. Givenn € N, the absolutely continuous measures da C Ry and dB* C R_, and assuming
the existence of all the bimomoments I;; there exists a unique matriz I'(z) solving the RHP specified by

equations (8-23), (8-24). The solution characterizes uniquely the polynomials pp,—1 and py,.
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